Some Problems in Vectorial
Calculus of Variations in L1

Birzhan Ayanbayev
Department of Mathematics

University of Reading

A thesis submitted for the degree of

Doctor of Philosophy

August 2019






Declaration

I con rm that this is my own work and the use of all material from other sources
has been properly and fully acknowledged.

Birzhan Ayanbayev

August 2019






Acknowledgements

| would like to thank my supervisors Associate Professor Dr Nikos Katzourakis
and Associate Professor Dr Tristan Pryer for their help, great support and inspiring
assistance over the last four years. | am grateful that they always had a time to
encourage me and explain patiently to broaden my knowledge and to have the best
possible outcome for my project.

Alongside with my supervisors, | would like to thank Roger Moser for comments
and suggestions to the Chapter 3. Also | would like to express my thanks to
Hussein Abugirda, Giles Shaw, Enea Parini, Igor Velcic and many others academics
for scienti ¢ discussions which helped me to understand better problems of this
thesis. More generally, | would like to thank the sta of the Department of Maths
and Stats at Reading for their help.

Many thanks to the people of Kazakhstan, represented by JSC \Center for
International Programs" Bolashak for funding the project.

Finally, | owe a great deal of special thanks to my family and friends. In particu-
lar my parents, my wife and son, and Hasen Meki®ztark for their unconditional
support and help when | needed them the most.






Dedication

This thesis is dedicated to:
My parents,

My wife and son.






Abstract



that the image of a solutionu is piecewise a ne if either the rank of Du is equal
to one orn = 2 and u has additively separated form. As a consequence we obtain
corresponding atness results fop-Harmonic maps forp 2 [2;1 ].

The aim of the Chapter 4 is to derive new explicit solutions to thd -Laplace
equation, the fundamental PDE arising in Calculus of Variations in the spade?.
These solutions obey certain symmetry conditions and are derived in arbitrary
dimensions, containing as particular sub-cases the already known classes of two-
dimensional in nity-harmonic functions.

Chapter 5 is the joint paper with N.Katzourakis. We discuss two distinct mini-
mality principles for general supremal rst order functionals for maps and charac-
terise them through solvability of associated second order PDE systems. Speci -
cally, we consider Aronsson's standard notion of absolute minimisers and the con-
cept of 1 -minimal maps introduced more recently by N.Katzourakis. We prove
that C! absolute minimisers characterise a divergence system with parameters
probability measures and thatC? 1 -minimal maps characterise Aronsson's PDE
system. Since in the scalar case these di erent variational concepts coincide, it
follows that the non-divergence Aronsson's equation has an equivalent divergence
counterpart.
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Chapter 1

Background and motivations

1.1 Introduction

Minimization problems have been studied by many mathematician for a di er-
ent purposes. Most of their e orts were focused in study the relation between
minimality conditions and partial di erential equations (PDEs). One of the way
to view the minimality as a variational approach, which is the core idea of Calculus
of Variations. We introduce some fundamental methods of Calculus of Variations
to solve possibly non-linear PDE, which for a simplicity we have in the following
form

L[u] =0; (1.1.1)

whereL[u] is a given di erential operator and u is the unknown. The equation
(1.1.1) can be characterised as the minimiser of appropriate energy functionalE[
such that

E'[u] = L[u]:

The usefulness of this method that now we can proof existence of extremum points
of the functional energy E[] and consequently the solution of (1.1.1). One of
di culties of described method that in general the minimiser of the functional
might not be a classical solution of the PDE and the de nition of



the method mentioned above. Section 1.2 and 1.3 of this chapter give more details
on Calculus of Variations in L and organization of the thesis respectively.

1.2 Calculus of Variations in L

Calculus of Variations inL1 has a long history started in the 1960s by G.
Aronsson [4{8]. He considered the following variational problem for the supremal
functional

E1(u;O) := ess supDu(fd4.5D

x20



work for mappings, coe cients of full system arediscontinuousand solutions are
need to beC? to make a classical sense. However there is a method to reduce
the regularity of solutions to C! using measures as parameters. For more details
about this method we refer to Chapter 5.

For more details about explicit classical solutions of (1.2.3) we refer to the
introduction of the paper presented in Chapter 4.

1.3 Organisation of thesis

The aim of the thesis is to nd new classical solutions, derive necessary and
su cient conditions and describe a geometric properties of absolute minimisers.
We have reached our goal by publishing and submitting papers in di erent elds of
nonlinear PDEs. Each paper is presented in this thesis as chapter. Every chapter
below is explained in the outline below.

Chapter 2 is the joint paper with N.Katzourakis. The estimated contribution
is 50%. The paper has been accepted at Proceedings of the Royal Society of
Edinburgh A (Mathematics). We study a pointwise characterisation of the PDE
system of vectorial calculus of variations ir.1. In this chapter we prove that
generalized solution to PDE

8
< Hp(;u;Du)D H( ;u;Du)

= H(;u;Du) [Hp (;u;Du)]? Div Hp(;u;Du)  H (;u;Du)

0;
0;

can be characterized as local minimisers for appropriate classes of a ne variations
to the following energy

loc

E1(u;0) := ess supH( ;u;Du); u2 Wir( :RVY); Ob ;
(@]

wheren; N 2 N with R" open, H2 C?( RN RNM)is agiven, H;



open set andn;N 1 andu 2 C?( ;RVN) be a solution to the nonlinear system
[Du]? u=0in , satisfying that the rank of its gradient matrix is at most one:

rk(Du) 1 in

Then, its imageu( ) is contained in a polygonal line in RN, consisting of an at most
countable union of a ne straight line segments (possibly with self-intersections).
After we show that this theorem is optimal by giving an example that system can
not have a ne image but only piecewise ane. Then we have next theorem as



following

8
1 2()+B? ip 1 ® 3. eR2 1
%5 In 2 s PorT %arctan P 2%, if B2 >0
. _ 1 2(y+B2? 11 . £ n2  1—
Injtj+ c= giln M ®+B2 T2 @ I’ p TBT aT
1 2(1)+B?2 1 ® 3 ,3B. cnp2 1 .
=5In @ (OF52 4.0% — In © ;.D; = if B 3<0;
where c is any constant, provided RHS is well de ned.
Finally second result, letn 2 andu: R"! R beaC?) separated
1 -harmonic function of the 1 -Laplace equation
X ,
i;j=1
Then

ifi(xi)i = jri(xP)j eee



The converse statement is true if in addition for anyk 2 , H( x; ; ) is convex on
R" RN N

(I If uis1 -minimal map for (1.1.1) on , then it solves the (reduced) Aronsson
system

Aju :=Hp(;u;Du)D H(;u;Du)
+ H( ;u;Du) [Hp(;u;DU)]? Div Hp(;u;Du) H (;u;Du) =0:
The converse statement is true if in addition H does not depend on 2 RN,

Hp (;Du) has full rank on and for any x 2 H(x; ) is convex inRN ",

Second result \Divergence PDE characterisation of Absolute minimiser" says,
let u:R" I RN beamapinC!(; RN). Fix also O b and consider the
following statements:

(I) u is a vectorial minimiser of E (; O) in C}(O;RN)?.

(1) We have
h i

max  Hp(;u;Du):D + H (;u;Du) 0;
ArgmaxfH( ;u;Du): Og

forany 2 C}(O;RN)L
(Ill) For any 2 C}(O;RN), there exists a non-empty compact set
K K Argmax H(;u;Du): O (1.3.3)

such that,
He(;u;Du):D + H (;u;Du) K:O: (1.3.4)

Then, (1) =) (1) =) (). If additionally H( x; ; ) is convex onRN RN n
for any xed x 2 , then (lll) = ) (I) and all three statements are equivalent.
Further, any of the statements above are deducible from the statement:

(IV) For any Radon probability measur¢ 2 P (O) satisfying

supp() Argmax H(;u;Du) : O ; (1.3.5)
we have
div Hp(;u;Du) + H (;u;Du) = 0; (1.3.6)
in the dual space C}(O;RV)) .
' We say u2 C;(O;RN) ifu g2 C§(O;RN), where C5(O;RN) := 2 CY(R™RN) :
=0on @O .

2A Radon measure is a Borel measure that is nite on all compact sets, outer regular on all
Borel sets and inner regular on all open sets. See [42] for precise de nition.



Finally, all statement are equivalent if K = Argmax H( ;u;Du) : O in (Ill) (this
happens for instance when the argmax is a singleton set).

The result above provides an interesting characterisation of Aronsson's concept
of Absolute minimisers in terms of divergence PDE systems with measures as
parameters. The exact distributional meaning of (1.3.6) is

Z
~ Hp(;u;Du):D +H (;u;Du) d =0
o

forall 2 C}(O;R



Chapter 2

A Pointwise Characterisation of
the PDE System of Vectorial
Calculus of Variations in L1

2.1 Introduction

Calculus of Variations



prescribed boundary condition on@ to avoid trivial minimisers. This means that
any putative minimiser u 2 %, if it exists, should satisfy

E(u; ) E(v;); forallv2 @ withu=von@:

If such a minimiser exists, then the real functiont 7! E(tv + (1 t)u) has a
minimum at t = 0 and should satisfy

d






In index form, F 1 reads

b b b
Fa(c; PiX) == He (6 P)  He (P )X g+ H (x;P)P;
[ ' |

<
+Hy( 5P) + H(X 5P)  [He(x ;PO

> >
He o, (6 sP )X 45 + Hp

i;j i '

(x; ;P )P

>
+ Hp (X ;P)  H (X, ;P)

where =1;:::;N. Note that, although H is C2, the coe cient [H p( ;u;Du)]? is
discontinuous at points where the rank of b ( ; u; Du) changes. Further, because
of the perpendicularity of H and [Hp]? (that is [Hp]7Hp = 0), the system can
be decoupled into the two independent systems

8
< Hp(;u;Du)D H( ;u;Du)

= H(;u;DU)[Hp(;u;DW)]? Div Hp(;u;Du)  H (;u;Du)

0;
0:

When H(x; ;P ) = jPj? (the Euclidean norm onRN" squared), the system (2.1.2)-
(2.1.4) simpli es to the so-calledl -Laplacian:

1u:= Du Du+ jDuj’[Du]® 1 :D?u =0: (2.1.5)
[D



solutions of (2.1.5) to local minimisers ofi 7! k Duk_1 ¢y in terms of certain classes
of local a ne variations . This result o ered new insights to the di cult problem
of establishing connections of (2.1.1) to (2.1.2)-(2.1.4).

In this paper we generalise the results of [56], characterising gendbakolutions
to (2.1.2)-(2.1.4) in terms of local a ne variations of (2.1.1). Our main result
is Theorem 2.3.2 that follows and asserts thaD-solutions to (2.1.2)-(2.1.4) in
C( ;RN) can be characterised variationally in terms of (2.1.1). The a priol€*
regularity assumed for our putative solutions is slightly higher than the generic
membership in the spacaVvt1( ;RN), but as a compensation we imposeo con-
vexity of any kind for the hamiltonian H for the derivation of the system.

In special case of classical solutions, our result reduces to the following corollary
which shows the geometric nature of our characterisatién

2.1.1 Corollary [ C? solutions of F; =0]

Let R" be open,u 2 C?( ;RN)and H2 C?( R"  RNM). Then,

CElw0) Eau+A 0);

F1(;u;Du;D?u) = 0 in _
o ) 0 80b ;8A2 AKT[A 2T (u):
HereAgl(u);Ag;l(u) are sets of a ne maps given by
8 _ S
< D?A  0; A(x)=0and exist 2 RNand=
A'gl(u) = _A:R"! RN x20O(u)s.t. the image ofA is parallel _ ;
- to the tangent map of H( ;u;Du) at x ~
8 o
< D?A 0 and there existsx 2 O (u) s.t. the=
AZtw) = _A:R"! RY image ofA is normal to He ( ;u;Du) at x
- and A”Hp ( ;u;Du) is divergenceless ax  ~

and
O(u) := Argmax H(;u;Du) : O :

This paper is organised as follows. In Section 2.2 that follows we record all the
basic facts needed regarding the concept of olr-solutions, namely our notion
of generalised solution required to make rigorous sense of (2.1.2)-(2.1.4). We also
include a quick introduction to the analytic setup of so-called¥oung measureson
which D-solutions are based. We also give two simple auxiliary results which are
utilised in the proof of our variational characterisation. Finally, in Section 2.3 we
state and prove our main result.

1We caution the reader that the statement of Corollary 2.1.1 sacri ces precision for the sake
of clarity. The fully precise statement is that given in the main result, Theorem 2.3.2.

12



2.2 Young measures, D-solutions and auxiliary
results

2.2.1 Young Measures

Let R" be open andK a compact subset of some Euclidean spaB&'". The

set of Young measures” ;K forms a subset of the unit sphere of a certain*
space of measure-valued maps and this provides its useful properties, including
sequential weak* compactness. More precisely; ;K is de ned as

n o
w K = 1 2(K) [ OJ(U)2 LY()forany open U K ;

where #(K) is the set of Borel probability measures oK. To see how it arises,
consider the separable spade' ;C(K) of Bochner integrable maps. This space
contains Caratreodory functions : K I R (namely functions for which
( ;X)is measurable for allX 2 K and ( x; ) is continuous for a.ex 2 ) which

satisfy 7
K ki ey = (%) CO(K)dx < 1:

We refer e.g. to [35, 43, 77] and to [56, 57] for background material on these spaces.
The dual space of this space s~ ;M (K) , namely

LY ;C(K) =L} ;M(K):
This dual Banach space consists of Radon measure-valued mag@ x 7! (x) 2 M (K)
which are weakly* measurable, in the sense that for any open d¢t K, the func-
tion x 7! [ (x)](VU) is in L1(). The norm of the space is given by

k kLV:\II-( M(K)) = eSSZSUFk (X)k,

X
where \k k" denotes the total variation. It thus follows that
n o
W K = 2 LY M (K) : (x)2 Z(K); fora.e.x2

2.2.2 Remark [Properties of Young Measures]

We note the following facts about the set¥ ;K (proofs can be found e.g. in
[41)):

i) It is convex and sequentially compact in the weak* topology induced from - .

i) The set of measurable map¥ : R" I K can be identi ed with a subset
of it via the embeddingV 7! v, v(X) = v-

13



jii) Let Vi; V1 :R" I K be measurable mapsg,2 N. Then, up the passage
to subsequences, the following equivalence holds trueiasl : V'! V7 ae.
on ifandonlyif i * yvain®% ;K.

2.2.3 D-solutions

We now give some rudimentary facts about generalised solutions which are required
for the main result in this paper. For simplicity we will restrict the discussion to
n=1formapsu:R I RN with aninterval. The notion of D-solutions is
based on the probabilistic interpretation of limits of di erence quotients by using
Young



The above means for any 2 L! ;C(K) , we have
Z Z Z Z

( x; X)d[ pun p J(X)dx ! ( x;X)d[D?u](X)dx; ask!1
K K

Note that the set of Young measures isequentially weakly* compachence
every map as above possesses di uged derivatives

2.2.3.2 Denition [ D-solutions to 2nd order systems]

Let R" be an open set andF : RN RNM RNM* 1 RN a Borel
measurable map which is continuous with respect to the last argument. Consider
the PDE system

F :u;Du;D?u =0 on : (2.2.4)

We say that the locally Lipschitz continuous mapu : R" I RN isaD-
solution of (2.2.4) when for any di use hessiarD?u of u, we have

sup F x;u(x);Du(x);Xx =0; aex2 : (2.2.5)
Xx2supp (D2u(x))

Here \supp " symbolises thereduced supportof a probability measure excluding
in nity, namely supp (#) ;= supp(#) nflg when#2P RQ‘“Z .



a) If we have 5 (u; O) E;(u+ tA; O) for all t> 0, it follows that

n o
max Hp z;u(z);Du(z) :DA(z) + H z;u(z);Du(z) A(2) 0:

z20

In the above \:" and \ " denote the inner products inRN™ and RN respectively.

b) Let x 20 and 0< " < dist(x; @). The set

n O\
O-(x) == y20 : H(y;u(y);Du(y)) H x;u(x);Du(x) B-(x)

(where \ () " denotes the interior) is open and compactly contained in



Let also O(u) be as in Lemma 2.2.4.1. Thenyt is convex,r(0) = 0 and also it

satis es
n (o)

Dr(0™) rg(a;( Heo(;u;Du): DA + H (;u;Du) A ;
u

where Dr(a*) := liminf “@*) @ jg the lower right Dini derivative of r at a.

10+
2.2.4.4 Proof of Lemma 2.2.4.3

The result is deducible from Danskin's theorem (see [34]) but we prove it directly
since the 1-sided version above is not given explicitly in the paper. By setting

R(;y) ==H y;uly)+ A(y); Du(y)+ DA (y)

we haver( ) = max,,5 R(;y) max,,—



and the desired inequality has been established. Finally by convexity of H we have
for any x;y > 0 and anyt 2 [0; 1]

rex+(Q tyy =E; t(u+xA)+(@Q t)(u+yA); O E1(u; O)
tEf(u+ xA; O)+(1 t)Ea(u+ yA; O) E;(u; O)
tr(x)+ (@  Or(y)

O
Let us record the next simple inequality which follows from the de nitions of
lower right Dini derivative, in the case that H(x; ; ) is jointly convex for anyx 2 .
This is
r() r(©) Dr(0"); (2.2.6)
for all 0.

2.3 The main result of the Chapter 2

Now we proceed to the main result of the paper, the variational characterisation
of D-solutions to the PDE system (2.1.2) in terms of appropriate variations of the
energy functional (2.1.1). We recall that the Borel mappingr 4 : RN RNP
RN™ 1 RN is given by (2.1.3)-(2.1.4) and  R"is a xed open set.

2.3.1 Notational simpli cations and perpendicularity con-
siderations.

We begin by rewriting F 4 ( ;u;Du;D?u) = 0 in a more malleable fashion (see
(2.1.3)). We de ne the maps

FZ(x; ;P; X) :== Hpp(X; ;P): X +Hp (X; ;P):P +Hpy(x; ;P):1; (2.3.1)

FK(X ;P X) :=Hp(X; ;P ):X + H (X; ;P ) P + Hy(x; ;P) (2.3.2)
and these are abbreviations of
5 XX XX
Fi(x; ;P; X) = Hp o, (X P )X 45 + He, (X, ;P )P
;ik i
+ Hep (X ;P )
<! >
FfL(x;;P;X)i: Hpj(x;;P)X ij + H (X ;P)P i+ Hyg(x; ;P):

)]

18



Note that FZ(x; ;P; X) 2 RN, whilst F5(x; ;P; X) 2 R". By utilising (2.3.1)-
(2.3.2), we can now express (2.1.3) as

Fa(X; ;P; X) := Hp(x; ;P)FX(x; ;P; X)+ H(x; ;P)
[He(x; ;P17 FI(x ;P;X)  H (X :P) :

Further, recall that in view of (2.1.4), [He(x; ;P )]? is the projection on the or-
thogonal complement oR(Hp (X; ;P )). Hence, by the orthogonality of [H (x; ;P )]?
F7(x;P; X) H(x;P) and Hp(x; ;P )F?L(x; P; X), we have

Fa(x; ;P; X)=0; for some §; ;P; X) 2 RN RN" RN

if and only if
8
< He(x; ;P )F31(x ;P; X) = 0;
2 H(X P )[He(x ;P)I? F3I (X ;P X) H(x;P) =0:

Finally, for the sake of clarity we state and prove our characterisation below only
in the case ofC! solutions, but due to its pointwise nature, the result holds true for
piecewiseC?! solutions with obvious adaptations which we refrain from providing.
We will assume that the Hamiltonian H satis es

Hp(x; ; )=0 Hx; ; )=0 ; (x; )2  RM (2.3.3)
We will also suppose that the next set has vanishing measure
n AN o]
x2 : Bp(x) h>h(x) isdenseinB,(x) = 0; (2.3.4)

wherery  dist(x; @) and h  H(;u;Du). This assumption is natural, in the
sense that it is satis ed by all know examples of explicit solutions (see [55, 63{66]).
It is trivially satis ed if h has no strict local minima in the domain.

Lets examine three examples for conditions (2.3.3) and (2.3.4). For all examples
H(x; ;P ) = jPj2. Clearly (2.3.3) is satised. Remains to show that actually
condition (2.3.4) holds for our three examples.

Example 2.3.1. u(x;y) = jxj% ] yj% is well-known explicit solution and let =

[ 1,1F. The function h j Duj? = £ jXj5 + jyj5 has only one point of local
minimum at origin which means sefh > h(0)g\ B,,(0) is the dense in the ball
B/, (0). Let a point (x,y) be dierent from origin then it easy to check that set
fh > h(x;y)g\ B, . (X;y) is not a dense in theB,,_ (x;y) and as the result we
have (2.3.4). p

Example 2.3.2. Let =[0 :1;1F and u(x;y) = x2+ y2 is the conic solution.
The function h j Duj?> 1 for any point of . So clearly (2.3.4) is satis ed.
Example 2.3.3. Using notation €' = (cost; sint) we have vectorial solution
u(x;y) = e e¥Yon =[ 11P which is Eikonal, namelyjDuj? = jDyuj? +
jDyuj? 2. So clearly (2.3.4) is satis ed.

Ix;y Iy
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Our main result is as follows:

2.3.2 Theorem [Variational characterisation of the PDE
system arising in L' ]

Let R" be open,u 2 C!( ;RN) and H 2 C¥( R"  RNM) a function
satisfying (2.3.3) and suppose that (2.3.4) holds. Then:
(A) We have

F1(;u;Du;D?



in the D-sense, if and only if
E1(U;0) Ei(U+A; O); 80b ;8A2AS5™ ()
and also
H(;u;Du) [He (;u;DW)]? F3(;u;Du;D?u) H (;u;Du) =0 in
in the D-sense, if and only if

Ea(u;0) Ei(u+A;0); 80b ;8A2AZ(u):

We note that in the special case o€? solutions, Corollary 2.1.1 describes the
way that classical solutionau : R" I RN to(2.1.2)-(2.1.4) are characterised.

2.3.3 Remark [About pointwise properties of C! D-solutions]

Let u : R" ! RN be aD-solution to (2.1.2)-(2.1.4) inC*( ;R™). By
De nition 2.2.3.2, this means that for anyD2u2 & ;RN |

Fi x;u(X);Du(x);Xx =0; aex2 ;8Xx2supp D?u(x) :

By De nition 2.2.3.1, every di use hessian of a putative solution is de ned a.e. on
as a weakly* measurable probability valued mapR"



and an X, 2 supp D?u(x) . In view of (2.3.1), if Ho x;u(x);Du(x) =0, then,
by our assumption on the level sets of H, we have K u(x); Du(x) = 0 as well
and as a consequence we readily obtain

H x;u(x);Du(x) [He x;u(x);Du(x) 17

5 (2.3.5)
F1i xu(x);Du(x);Xx H xu(x);Du(x) =0

is clearly satis ed at x. If Hp x;u(x);Du(x) 6 0O, then we select any direction
normal to the range of B x;u(x);Du(x) 2 RN" thatis

?

Ny 2 R Hp X;u(x);Du(x) RN

which meansnZHp Xx;u(x);Du(x) = 0. Of course it may happen that the linear
map Hp x;u(x);Du(x) : R"






andr is convex, by inequality (2.2.6) we have(t) O forallt 0. Therefore,
E1(u;0) Ea(u+A;0); 80b ;8A2ASM(u):

The case ofA 2 A 2" is completely analogous. FD2u2 % ;RN O b ,
x 2 O (u), X« 2 supp (D?u(x)) and an A with A(x)? R Hp x;u(x);Du(x) and
DA 2 .Z x;A(X); Xx . By applying Lemma 2.2.4.3 again, we have

n ()
Dr(0") max Hp (y; u(y); Du(y)) : DA(y) + H (y;u(y); Du(y)) A(y)

Hp X;u(x);Du(x) :DA(x) + H x;u(x);Du(x) A(X):
If Hp x;u(x);Du(x) 6 0, then by the de nition of .Z x; A(x); Xx we have
Dr(0%) Hp X;u(x);Du(x) :DA(X) + H x;u(x);Du(x) A(x)
=  A(X) FZ x;u(x);Du(x); Xy H x;u(x); Du(x)
= A)T[He (6 u(x); DU(x)I? F3 x;u(x); Du(x); X«

H x;u(x);Du(x)

and hence D(0") 0 becauseau is aD-solution on . If H p x;u(x);Du(x) =0,
then again Dr(0*) 0 becauséA(x) = 0. In either cases, by inequality (2.2.6) we
obtainr(t) Oforallt 0 and hence

Ea(u;0) Ei(u+A;0); 80b ;8A2AZ(u):

The theorem has been established. O

2.3.5 Proof of Corollary 2.1.1

If u2 C?( ;RN), then by Lemma 2.2.2 any di use hessian dfi satis es D?u(x) =
p2uxy for a.e.x 2 . By Remark 2.3.3, we may assume this happens for all
X 2 . Therefore, the reduced support of D?u(x) is the singleton setf pz,x)0.
Hence, forA'gl(u), we have that any possible ane map A satises DA

D H x;u(x);Du(x) andA(x) = 0. In the case of AZ™(u), we have that any
possible a ne map A satis es

A(X)"Hp x;u(x);Du(x) =0; DA2.Z x;A(X);D?u(x) ;
which gives
DA(X) : Hp x;u(x);Du(x) = A(X) Hpp x;u(x);Du(x) :D?u(x)+

+ Hp X;u(x);Du(x) :Du(x) + Hpyx X;u(x);Du(x) :I
= A(x) Div Hp ;u;Du) (x):
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As a consequence, the divergence D&~ Hp ;u;Du (X) vanishes because

DA(X) : Hp x;u(x);Du(x) +



Chapter 3

Rigidity and atness of the image
of certain classes of mappings
having tangential Laplacian

3.1 Introduction

Suppose thatn; N are integers and an open subset oR". In this paper we
study geometric aspects of the image() RN of certain classes o€? vectorial
solutionsu : R" I RN to the following nonlinear degenerate elliptic PDE
system:

[Du]? u=0 in (3.1.1)

Here, for the mapu with components {;; ::;; uy)” the notation Du symbolises the
gradient matrix
Du(x)= Diu (x) S 2 RN "; D @=@x
u stands for the Laplacian

X
u(x) = DZu(x) 2 RN

i=1

and for anyX 2 RN " [X]? denotes the orthogonal projection on the orthogonal
complement of the range of linear maX : R" ! RN:

[X17 := Proj gexy=:

Our general notation will be either self-explanatory, or otherwise standard as e.g.
in [32, 38]. Note that, since the rank is a discontinuous function, the map J°
is discontinuous onRN "; therefore, the PDE system (3.1.1) hasliscontinuous
coe cients. The geometric meaning of (3.1.1) is thathe Laplacian vector eld

u is tangential to the imageu() and hence (3.1.1) is equivalent to the next
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statement: there exists a vector eld

A:R" I R"



The scalar case oN = 1 in (3.1.4)-(3.1.5) was pioneered by G. Aronsson in
the 1960s [4{8] who initiated the eld of Calculus of Variations inL! , namely
the study of supremal functionals and of their associated equations describing
critical points. Since then, the eld has developed tremendously and there is an
extensive relevant literature (see e.g. [16{19, 21, 26, 46, 72, 73] and the lecture
notes [15, 28, 54]). In particular, although vectorial supremal functionals began
to be explored early enough, thel -Laplace system (3.1.4) which describes the
necessary critical conditions irL! in the vectorial caseN 2 rst arose in the
early 2010s in [49]. The area is now developing very rapidly due to both the
mathematical signi cance as well as the importance for applications in several
areas (see [2, 14, 31, 36, 63], [50, 52, 53, 56{58]).

In this paper we focus on theC? case and establish the geometric rigidity and
atness of the images of solutionss : R" I RN to the nonlinear system
(3.1.1), under the assumption that either [ has rank at most 1, or thatn = 2
and u has an additively separated form, see (3.1.6). As a consequence, we obtain
corresponding atness results for the images of solutions to (3.1.2) and (3.1.4).
Both aforementioned classes of solutions furnish particular examples which provide
substantial intuition for the behaviour of general extremal maps in Calculus of
Variations in L! , see e.g. [9, 10, 28, 50, 53, 54, 63] where solutions of this form
have been studied. Obtaining further information for the still largely mysterious
behaviour of1 -Harmonic maps is perhaps the greatest driving force to isolate and
study the particular nonlinear system (3.1.1). For example, it is not yet know to
what extend the possible discontinuities of the coe cients relates to the failure of
absolute minimality.

It is also worth clarifying that, although as it is well-known the Dirichlet prob-
lem over a bounded domain may not in general be solvable for the-Laplacian
not even in the scalar-valued case, if one does not prescribe boundary values (and
we do not in this paper) it can be demonstrated that in nitely many non-trivial
classical solutions do exist, in particular of the form arising in this paper (see for
instance the explicit constructions ofC? solutions in [50]). Therefore, the results
herein are non-void and numerous solutions as those exhibited herein do exist.

Let us note that the rank-one case includes the scalar and the one-dimensional
case (i.e. when mifin;Ng = 1), although in the case ofN = 1 (in which the
single1 -Laplacian reduces to @ Du : D?u = 0) (3.1.1) has no bearing since it
vanishes identically at any non-critical point.

The e ect of (3.1.1) to the atness of the image can be seen through thé
variational principle introduced in [52] wherein it was shown that solutions to
(3.1.1) of constant rank can be characterised as those having minimal area with
respect to (3.1.3)-(3.1.5). More precisely, therein the following result was proved:
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3.1.1 Theorem [cf. [52, Theorem 2.7, Lemma 2.2]]

GivenN n 1, letu:R" I RN be aC? immersion de ned on the open
set (more generally u can be a map with constant rank of its gradient on ).
Then, the following statements are equivalent:

1. The mapu solves the PDE system (3.1.1) on .

2. Forallp2 [2;1 ], for all compactly supported domainsO b and all C!

vector elds : O ! RN which are normal to the imageu(O) RN
(without requiring to vanish on @), namely those for which = [Du]? in
O, we have

kDUkLp(o) k Du+D kLp(o):

3. The same statement as in item (2) holds, but only fosomep 2 [2;1 ].

If in addition p < 1 in (2)-(3), then we may further restrict the class of normal
vector elds to those satisfying jao = O (see Figure 1).

In the paper [52], it was also shown that in the conformal class, (3.1.&Xpresses
the vanishing of the mean curvature vector af( ).

The e ect of (3.1.1) to the atness of the image can be easily seen in the case
ofn=1 N as follows: since

[U]?u® =0 in R

and in one dimension we have
8 0 0
< | uoou
[ = . jujz
-l onfu’=0g;

onfu’60g;

we therefore infer thatu® = fu® on the open seff u’ 6 0g R for some function
f, readily yielding after an integration that u() is necessarily contained in a
piecewise polygonal line oRN. As a generalisation of this fact, our rst main
result herein is the following:

Figure 1. Illustration of the variational principle characterising (3.1.1).
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3.1.2 Theorem [Rigidity and atness of rank-one maps with
tangential Laplacian]

Let R" be an open set anah;N 1. Letu 2 C?( ;RN) be a solution to the
nonlinear system (3.1.1) in , satisfying that the rank of its gradient matrix is at
most one:

rk(Du) 1 in

Then, its imageu( ) is contained in a polygonal line in RN, consisting of an at most
countable union of a ne straight line segments (possibly with self-intersections).

Let us note that the rank-one assumption for D is equivalent to the existence of
two vector elds :R" I RN anda:R" I R" such that Du = a
in .

Example 3.1.3



trivial a ne ones.

As a consequence of Theorem 3.1.2, we obtain the next result regarding the
rigidity of p-Harmonic maps forp 2 [2;1 ) which complements one of the results
in the paper [53] wherein the casp= 1 was considered.

3.1.4 Corollary [Rigidity of p-Harmonic maps, cf. [53]]

Let R" be an open set anch;N 1. Letu 2 C?( ;RN) be ap-Harmonic
map in for some p2 [2;1 ), that is u solves (3.1.2). Suppose that the rank of
its gradient matrix is at most one:

rk(Du) 1 in

Then, the same result as in Theorem 3.1.2 is true.

In addition, there exists a partition of to at most countably many Borel sets,
where each set of the partition is a non-empty open set with a (perhaps empty)
boundary portion, such that, on each of thesay can be represented as

u= f:

Here,f is a scalarC? p-Harmonic function (for the respectivep 2 [2;1 )), de ned
on an open neighbourhood of the Borel set, whilst : R ! RN is a Lipschitz
curve which is twice di erentiable and with unit speed on the image of .

Now we move on to discuss our second main result which concerns the rigidity of

solutionsu : R? I RN to(3.1.1) forN 2, having the additively separated
form

ux;y) = f(x)  f(y) (3.1.6)
for some curvef : R! RN, Solutions of this form are very important in relation

to the 1 -Laplacian. If N = 1, all 1 -Harmonic functions of this form after a
normalisation reduce to the so-called Aronsson solution dr?

u(y) = jxj*=* j yj*?

which is the standard explicit example of a norG? 1 -Harmonic function with
conjectured optimal regularity. In the vectorial case, the family of separated so-
lutions is quite large. ForN = 2, a large class of such vectorial solutions was
constructed in [50] and is given by

Zy

u(x;y) = cosK (t));sin(K (1)) dt

X

with K a function in C(R) satisfying certain general conditions. The simplest
non-trivial example of an1l -Harmonic map with this form (de ned on the strip
fix yj< =4g R? is given by the choiceK (t) = t. Our second main result
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asserts that solutions of separated form to (3.1.1) have images which are piecewise
ane, contained in a union of intersecting planes ofRN. More precisely, we have:

3.1.5 Theorem [Rigidity and atness of maps with tangen-
tial Laplacian in separated form]

Let R? be an open set and let alstd 2. Letu:R" I RN be a
classical solution to the nonlinear system (3.1.1) in , having the separated form
u(x;y)= f(x) f(y), for some curvef 2 (W3P\ C?)(R;RN) and somep > 1.

Then, the imageu( ) of the solution is contained in an at most countable union
of a ne planes in RN.

In addition, the proof of Theorem 3.1.5 shows that every connected component
of the setf rk(D u) = 2gis contained entirely in an a ne plane and every connected
component of the sef rk(Du) 1g is contained entirely in an a ne line.

Note that our result is trivial in the case that N = n = 2 since the codimension
N n vanishes. Additionally, due to the regularity of the solutions, if aC?
mapping has piecewise a ne image, then second derivatives must vanish when
rst derivatives vanish at the \breaking points". Further, one might also restrict
their attention to domains of rectangular shape, since any map with separated form
can be automatically extended to the smallest rectangle containing the domain.

Also, herein we consider only the illustrative case of = 2 < N and do not
discuss more general situations, since numerical evidence obtained in [63] suggests
that Theorem 3.1.5 does not hold in general for solutions in non-separated form.

In this paper we try to keep the exposition as simple as possible and therefore
we refrain from discussing generalised solutions to (3.1.1) and (3.1.4) (or (3.1.2)).
We con ne ourselves to merely mentioning that in the scalar casé&, -Harmonic



to these projections,
jDuj?
p 2

The mutual perpendicularity of the vector elds of the left and right hand side
leads via a renormalisation argument (see e.g. [49, 52, 53]) to the equivalence of
the p-Laplacian with the pair of systems

[Du]” u:

o,
Du Du:D?u + JpDiZ[Du]k us=

iDuj? .
Du Du:D?%u + Jp—uJZ[Du]" u=0; jDuj’[Du]® u=0: (3.1.9)

The 1 -Laplacian corresponds to the limiting case of (3.1.9) gs! 1 , which
takes the form
Du Du:D?u=0; jDuj?[Du]” u=0: (3.1.10)

Hence, thel -Laplacian (3.1.4) actually consists of the two independent systems
in (3.1.10) above. The systemjDuj?[Du]? u = 0 is, at least on fDu 6 0g,
equivalent to (3.1.1). Note that in the scalar case dl =1 as well as in the case
of submersion solutions (foN  n), the second system trivialises.

We conclude the introduction with a geometric interpretation of the nonlinear
system (3.1.1), which can be expressed in a more geometric language as foftows:
Suppose thatu() is a C? manifold and let A (u) denote its second fundamental
form. Then

[Du]” u= tr A(u)(Du;Du):

The tangential part [Du] u of the Laplacian is commonly called theéension eld
in the theory of Harmonic mapsand is symbolised by (u) (see e.g. [69]). Hence,
we have the orthogonal decomposition

u= (u) trA(u)(Du;Du):

Therefore, in the case of higher regularity of the image af, we obtain that the
nonlinear system
u= (u in ; (3.1.11)

is a further geometric reformulation of our PDE system (3.1.1).

3.2 Proofs

In this section we prove the results of this paper. Before delving into that, we
present a result of independent interest in which we represent explicitly the vector
eld A arising in the parametric system u = DUA, in the illustrative case of
n=2.

We will be using the symbolisations \cof",\det" and \rk" to denote the cofactor

1This fact has been brought to our attention by Roger Moser.
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matrix, the determinant function and the rank of a matrix, respectively.

3.2.1 Lemma [Representation of A]

Let u2 C?( ;RN) be given, R? open,N 2. The following are equivalent:

1. The mapu is a solution to the PDE system (3.1.1).

2. There exists a vector eld A :R2 I RN such that

u=DUuA in

In (2), as A one might choose

% cof Du”Du ~ ————————(Du)” u; onfrk(Du)=2g;
det Du>Du ’ -9
A > DuDu” Du; onfrk(Du)=1g;

§ JDUDU] ' -9

onfrk(Du)=0g:

A is uniquely determined onfrk(Du) = 2g but not on frk(Du) < 2g and any
other A has the formA + V, whereV (x) lies in the nullspace of i(x), x 2 .

3.2.2 Proof of Lemma 3.2.1

The equivalence between (1)-(2) is immediate, therefore it su ces to show that
A satises u=DuA and is unique onfrk(Du) = 2g. Let A be as in (2). On
frk(Du) =29, the 2 2 matrix-valued map Du~Du is invertible and

- ., cof DU”Du ~
Du~Du = —
det Du=Du
Since D™ u=Du~DuA, we obtain that A = A.

The claim being obvious forfrk(Du) = 0g = fDu = 0g, it su ces to consider
only the setfrk(Du) = 1g intbrder to conclude. Thereon we have 0 Td cu45dja(20sy 0 Td d



and hence u= j j?andalso >Du= a j%. On the other hand, since
DuDu” =( af(a )= . Dubu” =jj?
we infer that

_ _ u Du _ u( )Du _ . Dubu” _
A a= 5o g T 7 7 - YWitwowp P

as claimed. n
We now continue with the proof of the main results.

The main analytical tool needed in the proof of Theorem 3.1.2 is the next
rigidity theorem for maps whose gradient has rank at most one. It was established
in [53] and we recall it below for the convenience of the reader and only in the case
needed in this paper.

3.2.3 Theorem [Rigidity of Rank-One maps, cf. [53]]

Suppose R" is an open set andu is in C?( ;RN). Then, the following are
equivalent:

(i) The map u satis esthatrk(Du) 1 on . Equivalently, there exist vector elds
! RVanda: ! R"witha2C ;R")and 2 C! nfa=0g,RN)
such that
Du = a, on

(ii) There exists Borel subsetf Bjgion Of such that

and eachB; equals a non-empty connected open set with a (possibly empty) bound-
) ansHté&32 Tf -232.047 -35.157 Td [(and)-224(eac)28(h)]TJ/F20 11.9552 Tf 46.645 0 11.95¢



the same properties as above if is contractible (namely, homotopically equivalent
to a point).

We may now prove our rst main result.

3.2.4 Proof of Theorem 3.1.2

Suppose thatu : R" I RN is a solution to the nonlinear system (3.1.1) in
C2( ;RN) which in addition satis es that rk(Du) 1 in . Since fDu = 0g is
closed, necessarily its complement in  which i$rk(Du) = 1g is open.

By invoking Theorem 3.2.3, we have that there exists a partition of the open
subsetf rk(D u) = 1 g to countably many Borel sets B;)i with respective functions
(fi) and curves (;) as in the statement such that (3.2.1)-(3.2.2) hold true and
in addition

Df; 60 onB;; i2N:

Consequently, on eactB; we have

2 _ _ 17 — (i f) (),
[Dul’=[( | f) DRHI®=1 T
u=({ fiDfij*+ (] ) fu
Hence, (3.1.1) becomes

NGO ED



Supposeu is as in the statement of the corollary. By Theorem 3.2.3, there exists,
a partition of to Borel sets fBigion



respectively. Letf denote the -component off, =1;::;N.. By subtracting
(3.2.5) from (3.2.6) we get fort 6 O that

Piz+t) %2) _ fl(z+1) fi(z)

2 " a(z+tz) + b(z;z+ 1) n
+10(2) a(z+ t;z2) t a(z;z+ t) N b(z;z+t) : b(z+ t;z)
(3.2.7)
for =1;::;N: On the setff® = 0g, equation (3.2.7) becomes
2A%(z)= a(z;2) + Kz;2) t%=2) (3.2.8)

ast! 0. Note also thatff’ = 0gis closed and its complementf® 6 0g is open.
Now let us set
a(z+tz) a(z;z+t) N b(z;z+t) blz+tz)

t t '

C (z;v) =

Onff' 80g, (3.2.7) yields that

c@y= L ) 1

flz+t) f'(2)
f1(z) t '

t

a(z+t;z)+ b(z; z+t)

Fix anindex 2f1;::;Ng, > 0, an in nit@simal sequence ;) and consider
the inner -neighbourhoodO of the setff



asm!1 along a subsequence of indicemf). As a result, (3.2.7) becomes
2A%2)= a(z;2)+ bz;2) 1%2) + f"(2)C (z) on ff' 60g; (3.2.10)

forany =1;::;N: Combining equations (3.2.8) and (3.2.10), we infer that there
exist measurable function®\;B : R! R such that

f% = Af’+ Bf? a.e. onR: (3.2.11)

The goal in now to show that (3.2.11) implies that the torsion of the curvd
vanishes, at least on a union of subintervals d®. The idea to project on three-
dimensional subspaces &&" in order to utilise standard ideas of elementary dif-
ferential geometry of curves.

To this end, letP; : RN I RN be the orthogonal projection on a B subspace
Vs P3(RN) of RN: The choice of 3-dimensional subspaces owes to the fact that
we would like to use the classical formulas of di erential geometry of curves in the
Euclidean space. ThenPs



Chapter 4

Explicit 1 -harmonic functions In
high dimensions

4.1 Introduction

Let R" be an open set andu 2 C?() a continuous twice di erentiable
function. In this paper we study the existence of solutions to the PDE

X
iU = DiuDjuDju = 0 (4.1.1)

i;j=1
of the form
h'd
u(x) = fi(xi);

i=1

where f; are possibly non-linear for 1 i n



utilised (see e.g. [54]).

In this paper all the separated1 -harmonicfunctions are found forn = 2 in
polar coordinates and for alln 2 in cartesian coordinates. Some of these new
solutions derived herein coincide with previously known classes of solutions. For
instance, the well-known G. Aronsson's solution(x;y) = jxjg ] ng which has a
CY%3 regularity, described in Remark 4.2.2. Also M.-F. Bidaut-Veron, M. Garcia
Huidobro and L. Veron have found solutions in [20] which coincide with rst two
solutions of the theorem 4.1.1



following

Injtj+ c=



and Z %
F;(t) dt

. . . . 0]
if50)i = jfiie ;

where F; satis es

t+c=



Case (A) Let AandG B,then(4.2.3)givesA B 0QorA? A+B?=0
which can be rewritten as A %)2+ B2 = %1 and as the consequent of substitutions
f(r)=r~andg( )= €® up to a constants.



Case (D) Let and G be non-constant functions, then there exist; 6 r, and
16 ssuchthat (ry) 6 ( rp) and G( 1) 8 G( ,) satisfying (4.2.3). Thus

ri(r)? o(r)  3(ra)+ ( r)™2( r)?G()*+G()?G ( FG()* (r)G()*=0
(4.2.8)
ra(r2)? (r2)  3(r2)+ ( r2)™2( r2)?G()*G( )*G ( }G()* ( r2)G( )?=0:
(4.2.9)
Subtracting (4.2.8) and (4.2.9) we get for any

G ) (ry) (raDR((r)+ (r2) 1)=rz %(ra) ((r2) (r2)°+ ( rp)?
ri 2(ry) (ro)+ (ry)®  (ro*
(4.2.10)

Let's consider two cases.

Case () If there existsr, 6 r, suchthat 2((ry)+ ( rp)) 160, then (4.2.10)
gives that G?( ) is a constant, henceG( ) is a step function.

Case (Il) For anyr, 6 r, we have 2((ry)+ ( r2)) 1=0, hence (r)is a
step function.

For both cases we have a contradiction t&€* regularity for 1 -Harmonic func-
tions in two dimensions (see [39], [75]), since r) = 14 and G( ) = - have to
have at leastC% regularity.

Rr t

Finally integrating ff—o = %O = G and substituting we getjf (r)j = jf (ro)je o o

R
and jg( )j = jo( o)ie o

T

Gt \which completes the proof. H

4.2.2 Remark [The Arronson solution]

Let A = ‘é‘ in the Theorem 4.1.1ii, thenA2 A > 0 and function G satis es

t+c= arctan gG(t) + % arctan gG(t);
which can be rewritten as
27G3(t) + 54 G?(t)tan 2(t + ¢) + 32tan2(t + ¢) = O:
Solving a third degree equation with respect t&(t), we get

4tan%(t+ C) +tan g(t +c)+tan(t+ C) .

G = 3 1 tan?(t+ ¢

Therefore

Z 2 2 1
1 tans(t+c) 1+tans(t+c) 3
G(t)dt =1In ( ) ( ) +cC

2
tan%(t+ C) tan%(t+ c+1 °
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Hence

eROG(t)dt_ j1 tan%( +C)jj1+tan%( +c)j% o« o)
jtani( +c) tani( +c)+1j3 °
i1 tans( + 0)j
=] L9 o)

jl+tan2( + 0)j3

= coﬁ( + C) sin%( +0) o o):

We can ignorec( o) since ifc;u + ¢, is a solution thenu is also a solution.
Finally

R
j9( )i = jo( o)je o °Madt
=jo( 0)j cos( +0 sini( +0 ;
if (r)j=rs:
Thus, one of the possible solutions is

u(r; )

f(ra( )

=T



4.2.5 Proof of Theorem 4.1.3

We can assume thau 6 0 since if u is a solution thenu + cis also a solution then
equation (4.1.4) can be written as

< DiuDubju

4.2.11
u u u ( )

i;j=1

Let Fi = Bi¥ then DiF; + F? = 24 and FiF; = 29Y. Thus (4.2.11) becomes

u

I, -
F2(x;) +  F2(xj)DiFi(x;)=0: (4.2.12)
i=1 i=1
Y
Sinceu(x) = fi(xj), then F; depends only orx;, consequently

i=1
DiFi(xi) = F(xi):
1 2 1= R TPPINS: B 2 — RUTITPIINS J
Setx*, x= 2 such that x (xl,xz,...,xj,...,xn) and x© = (Xqg; Xp; 50 X5 10 Xn),

i
Wherexjl 6 xj? in (4.2.12) and subtract these two equations. We nd

X

FA(x)  F2(x3) 2 FA(xi)+2FA(x})+2F2(x}) +
i6j
2 1 0 1 2 2 0 2\ — .
Fi(xpFi(xj)  Fi(xjFj(xj) =0;

assumingF/(xj) 8 F7(x?), we have

sz(le)Fjo(le) sz(XJZ)FjO(XjZ)
20wl 2(y2
Fox3)  Fi(x5)

XX
2 I:iz(xi) =
i6j

2yl 2(v1\-
2FA(x})  2F2(x}):  (4.2.13)

LHS of (4:2:13) does not depend on} and x¢ so

Fo(xi) ¢
i6j
for all x;. Then Fi(x;) = Aj, whereA; is a constant forall 1 i 6 | n and
hencejf i(xi)j = jfi(x9)j €™ X)), Thus (4:2:12) gives

1
> 2 2 - 20
A + Fi(xj)  + Fi(x) F(x;) = 0;
i6j
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consequently

F?
dx; = < 1 dF;;
A? + F?
J
i&j
Z,
F;(t) dt
hencejf ;(x;)j = jf,—(x}’)j e , Where F;(t) satis es
1 Fi(t Fi(t X
t+c= —sFarctans%+ >< i® ;if A260:
2 A? A2 2 Af+FY) i6
i6j i6j i&j
X
Otherwise (i.e. if AZ=0)
i6j
FjA(Xj) + sz(xj)FjO(Xj) =0;
S0
F{(xj) + Fj(x;) = 0; since we assum&/(xj) 6 F7(x): (4.2.14)

Solving (4.2.14) we getFj(x;) = XJL Hencejfi(x;)j = ¢ for all i 6 j and

+C






Figure 4.2: The approximation tou of the Theorem 4.1.1 ii, depending
on the parameterA.

(a) A =4=3, (b) A =1:15, (c) A=1,
min =0, max = 6 min =0, max =7 min = 0, max = 10

(d) A=1=3, (e) A =10:15, () A=0,
min =0, max = 3 min =0, max = 1.8 min = 1, max = 39

(g A= 0:15,



Figure 4.3: The approximation tou of the Theorem 4.1.1 iii, depending
on the parameterB.

(d B= 1=3, (b)B= 1=2, (c) B =0,
min = 0.12, max = 20 min = 0.04, max = 12 min = 1, max = 40

(d) B = 1=3, (e) B = 1=2, () B =1,
min =1, max = 163.58 min =1, max = 293.26 min = 1, max = 2304

Figure 4.4: The approximation tou of the Theorem 4.1.2 i, depending
on the parameterA.

(a) A= 0:5, "(b) A= 0:25, (c) A= 0:05,
min = 0.0067, max = 663 min = 0.0821, max = 76 min = 0.0665, max = 21

(e) A =0:05, (f) A =0:25,
min = 1, max = 100 min = 0.6065, max = 21 min = 0.0821, max = 76
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5.1.1 De nition [Absolute Minimiser]

Let u2 W1 (; RN). We say that u is an absolute minimiserof (5.1.1) on if

loc

o witomy O EaiO) Eau+0x  (512)

In the scalar case oN = 1, Aronsson's concept of absolute minimisers turns out
to be the appropriate substitute of mere minimisers. Indeed, absolute minimisers
possess the desired uniqueness properties subject to boundary conditions and,
most importantly, the possibility to characterise them through a necessary (and
su cient) condition of satisfaction of a certain nonlinear nondivergence second
order PDE, known as the Aronsson equation ([3, 13, 15{18, 25{27, 29, 48, 68, 78]).
The latter can be written for functionsu 2 C?() as

Hp(;u;Du) D H(;u;Du) = 0: (5.1.3)

The Aronsson equation, being degenerate elliptic and non-divergence when for-
mally expanded, is typically studied in the framework of viscosity solutions. In
the above, H;H ;Hy denotes the derivatives of HX; ;P ) with respect to the
respective arguments and \' is the Euclidean inner product.

In this paper we are interested in characterising appropriately de ned minimis-
ers of (5.1.1) in the general vectorial case bf 2 through solvability of associated
PDE systems which generalise the Aronsson equation (5.1.3). As the wording sug-
gests and we explain below, wheN 2 Aronsson's notion of De nition 5.1.1 is
no longer the unique possiblé 1 variational concept. In any case, the extension
of Aronsson's equation to the vectorial case reads

Hp(;u;Du)D H( ;u;Du)

o (5.1.4)
+ H( ;u;Du)[Hp(;u;Du)]® Div Hp(;u;Du) H (;u;Du) = 0:

In the above, for any linear mapA : R" ! RN, [A]7 symbolises the orthogonal
projection Projgs)> on the orthogonal complement of its range R{) RN. We
will refer to the PDE system (5.1.4) as the \Aronsson system", in spite of the fact
it was actually derived by N.Katzourakis in [49], wherein the connections between
general vectorial variational problems and their associated PDEs were rst studied,
namely those playing the role of Euler-Lagrange equations In. The Aronsson
system was derived through the well-known method dfP-approximations and is
being studied quite systematically since its discovery, see e.g. [49]-[50], [57, 66].
The additional normal term which is not present in the scalar case imposes an
extra layer of complexity, as it might be discontinuous even for smooth solutions
(see [50, 53]).

For simplicity and in order to illustrate the main ideas in a manner which min-
imises technical complicationsin this paper we restrict our attention exclusively to
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regular minimisers and solutions In general, solutions to (5.1.4) are nonsmooth
and the lack of divergence structure combined with its vectorial nature renders
its study beyond the reach of viscosity solutions. To this end, the theory dd-
solutions introduced in [57] and subsequently utilised in several works (see e.g.
[14, 31, 56, 57]) o ers a viable alternative for the study of general locally Lipschitz
solutions to (5.1.4), and in fact it works far beyond the realm of Calculus of Vari-
ations in L. We therefore leave the generalisation of the results herein to a lower
regularity setting for future work.

Additionally to absolute minimisers, for reasons to be explained later, in the
paper [52] a special case of the nekt! variational concept was introduced (therein
for H(x; ;P ) = jPj?):

5.1.2 Denition|[ 1 -Minimal Map]

Let u 2 CY(; RN). We say that u is an 1 -minimal map for (5.1.1) on if (i)
and (ii) below hold true:

(i) uis arank-one absolute minimisernamely it minimises with respect to essen-
tially scalar variations vanishing on the boundary along xed unit directions:

80b ;8 2RN

8 2CiO:span[)) ) FE2(WO) Ealu+;O): (5.1.5)

(i) u has1 -minimal area, namely it minimises with respect to variations which
are normal to the range of the matrix eld Hs ( ; u; Du) and free on the boundary:

80b ; 8 2CYR™RN)

with “Hp(;u;Du)=00n O =) E1(u;0) Ea(u+ ; O): (5.1.6)

In the above,

Ci(O;RN) := 2CYRRN) : =0on @ :






(I If u has1 -minimal area for (5.1.1) on (De nition 5.1.2(ii)), then it solves
H( ; u;Du) [He (;u;Du)]? Div Hp( ;u;Du) H(;u;Du) =0 on : (5.1.9

The converse statement is true if in addition for any 2 , H( x; ; ) is convex on
R" RN N

(I If uis1 -minimal map for (5.1.1) on , then it solves the (reduced) Aronsson
system

Aju :=Hp(;u;Du)D H(;u;Du)
+ H( ;u;Du) [Hp(;u;Du)]? Div Hp(;u;Du) H (;u;Du) = 0:

The converse statement is true if in addition H does not depend on 2 RN,
Hp (;Du) has full rank on and for any x 2 H(x; ) is convex inRN ",

The emergence of two distinct sets of variations and a pair of separate PDE
systems comprising (5.1.4) might seem at rst glance mysterious. However, it is
a manifestation of the fact that the (reduced) Aronsson system in fact consists
of two linearly independent di erential operators because of the perpendicularity
between [H]? and Hp; in fact, one may split A; u =0 to

8
< Hp(;u;Du)D H( ;u;Du)

= H(;u;DU)[Hp(;u;DU)]? Div Hp(;u;Du)  H (;u;Du)

0;
0:

Theorem 5.1.4 makes clear that Aronsson's absolute minimisers dot charac-
terise the Aronsson system whemN 2, at least when the additional natural
assumptions hold true. This owes to the fact that, unlike the scalar cas¢he
Aronsson system admits arbitrarily smooth non-minimising solutiongeven in the
model case of thel -Laplacian. For details we refer to [66].

Since Aronsson's absolute minimisers do not characterise the Aronsson system,
the natural question arises as to what is their PDE counterpart. The next theorem
which is our second main result answers this question:

5.1.5 Theorem [Divergence PDE characterisation of Abso-
lute minimisers]

Letu:R" I RN be amapinC!(; RN). Fix also O b and consider the
following statements:

(I) uis a vectorial minimiser of B (;O) in C}(O;RN).

'We remind the reader that u 2 C5(O;RN) meansu g 2 C5(O;RN).
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(I) We have
h [
max  Hp(;u;Du):D + H (;u;Du) 0;
ArgmaxfH( ;u;Du): Og

forany 2 C}(O;RN).
() For any 2 C}(O;RN), there exists a non-empty compact set
K K Argmax H(;u;Du): O

such that,
Hp(;u;Du):D )

(5.1.10)



u(x;y) = jxj*® j yj*3, as well as for any otherl -Harmonic function which is
nowhere Eikonal (i.e.jDuj is non-constant on all open subsets).

We conclude this introduction by noting that the two vectorial variational con-
cepts we are considering herein (De nitions 5.1.1-5.1.2) do not exhaust the plethora
variational concepts inL™. In particular, in the paper [76] the concept oftight
mapswas introduced in the case of H; ;P ) = kPk wherek k is the operator
norm onRN ", Additionally, in the papers [14, 56] a concept of special a ne vari-
ations was considered which also characterises the Aronsson system, in fact in the
generality of merely locally LipschitzD-solutions. Finally, in the paper [12] new
concepts of absolute minimisers for constrained minimisation problems have been
proposed, whilst results relevant to variational principles i1 and applications
appear in [21, 22, 26, 45, 73, 74].

5.2 Proofs and a maximum-minimum principle
for H (;u;Du)

In this section we prove our main results Theorems 5.1.4-5.1.5. Before delving into
that, we establish a result of independent interest, which generalises a correspond-
ing result from [52].

5.2.1 Proposition [Maximum-Minimum Principles]

Suppose Letu 2 C?(; RN) be a solution to (5.1.8), such that H satis es
(@) Hp (; u; Du) has full rank on

(b) there existsc > 0 such that
"He(x; ;P)  "P) ¢ THe(x ;P) %
forall 2 RN andall (x; ;P )2 RN RN N

Then, for any O



5.2.2 Lemma

Let u2 C?(; RN). Consider the parametric ODE system

¢ () = “He(



We will now show that the trajectory (t) reaches@D in nite time. To this end,
we estimate

: d o
kDUkLl(o)d|am(O) k DUkLl(o) (t) (0) a ¢ U( (t)) t;

for somef'2 (0;t), by the mean value theorem. Hence,

. d .
kDuky 1 (0ydiam(O) i ¢ u( () t

“Du( () (f) t

“Du( ()  THe(;u;Du) y t
G “Hp(;u;Du) 4 g
(cod) t:

This proves the desired claim. Further, since solves (5.1.8), by (5.2.4) of Lemma
5.2.2 it follows that H( ;u;Du) is constant along the trajectory. Thus, ifx 2 O
is chosen as a point realising either the maximum or the minimum i@, then by
moving along the trajectory, we reach a poiny 2 @ such that H(;u;Du) =
H( ; u; Du) v This establishes both the maximum and minimum principle. The
proposition ensues. ]

5.2.5 Remark [Danskin's theorem]

The central ingredient in the proofs of Theorems 5.1.4-5.1.5 is the next consequence
of Danskin's theorem: for anyO b and any u; 2 C(; RN), we have the
identities

8
EE Ei(u+t; O) =max Hp(;u;Du):D + H (;u;Du) :
dt t=o+ o(u)

=d
T dt =0

(5.2.6)
El(u+t;O)=rgi(n) He(;u;Du):D + H (;u;Du) ;
u

where
O(u) := Argmax H(;u;Du) : O :

Indeed, by [34



This establishes the rst identity of (5.2.6). The second one follows through the
substitutions 3 13 t



satis ed at x . If on the other hand
D H(;u;Du) , 60

then @1 (x ) is a C! manifold nearx and the gradient above is the normal vector
at the point x . Due to the interior sphere condition, this implies that this is also
the normal vector to the sphere@ (x) at x . Thus, there exists 6 0 such that

X x= DH(;uDu) _: (5.2.10)
By inserting (5.2.10) into (5.2.9) and noting thatjx  xj = , we infer that

2 7 Hp(;u;Du)D H(;u;Du) = 0:

X

By dividing by 2 and letting ! 0, we deduce that (5.1.8) is satis ed at the
arbitrary x 2 .

Conversely, suppose that satis es (5.1.8) on , together with the additional
assumptions of the statement. FixO b and 2 C}(O;span[]). Without loss
of generality, we may suppos® is connected. Since =( ~ ) , for convenience
we setg := ~ and then we may write = g with g 2 C}(O). Then, the
matrix-valued map Hp ( ; Du) is pointwise left invertible. Therefore, by (5.1.8)

Hp (; Du) al( ;Du)D H(;Du) =0 on O;
which, by the connectivity of O, gives
H(;Du) const onO:

Sinceg 2 CY(R") with g =0 on @D, there exists at least one interior critical point
x 2 O such that Dg(x



Hp (;u;Du)™ at x. This implies that there exists aC* extension 2 C!(R";RN)
such that (x) = and ( )™Hp(;u;Du) = 0 on the closed ball B-(x) for some
" 2 (0; ). By dierentiating the relation ( )”Hp(;u;Du) = 0 and taking its
trace, we obtain

div Hp(;u;Du) + D :Hp(;u;Du) = 0; (5.2.11)

on B-(x). Sinceu has1 -minimal area and is an admissible normal variation,
by using Remark 5.2.5 and arguing as in the beginning of part (1), it follows that

H (;u;Du) + D :Hp(;u;Du) y =0 (5.2.12)

for somex- 2 (B-(x))(u), where
(B+(x))(u) = Argmax H( ;u;Du) : B«(x) :
By (5.2.11)-(5.2.12), we infer that
(x+) div Hp(;u;Du) H (;u;Du) . =0

and by letting " ! 0, we deduce that

div Hp( ;u;Du) H (;u;Du) X=O;
forany 2 N Hp(;u;Du)” . Hence,u satis es (5.1.9) at the arbitrary x 2 .

Cate26dly,-26ppdsa th@Con)3r0-tlvwse (5.1.9






which evidently satis es supp() = fxg O (u), we obtain

Hp(;u;Du): D

—+

H (;u;Du)
Z

(o)
0;

Hp(;u;Du):D + H (;u;Du)

for any x 2 O (u). The conclusion ensues with K =O(u).

=)



yields
0 f%0" Iimgnf ps < 1:
s¥0+



Chapter 6

Conclusions and future work

6.1 Conclusions

We would like to mention that this thesis is a collection of published papers
presented as chapters consist of original results. This work includes new results in
the eld of Calculus of Variations in L1. The new results are improved previous
theorems by generalising and relaxing some of the conditions. Chapter 2 and
Chapter 5 are joint papers with my supervisor Dr. N. Katzourakis. Chapter 3 is
a joint paper with Dr. N. Katzourakis and Dr. H. Abugirda. While chapter 4 is
single author paper.

The main result of Chapter 2 is that we characterise local minimiser of the
following functional
E41(u;0) := ess supH( ;u;Du); u2 Wior( ;RN); Ob
o
for appropriate classes of a ne variations of the energy as generalised solutions of
associated PDE system which plays the role of Euler-Lagrange equation. Similar
result was proven for Hk; ;P ) = jPj? in [53]. That makes our result a gener-

alisation of result in [53] since the Hamiltonian function H depends not only on
gradient of the function but also on the function itself and the domain.

Chapter 3 is the joint paper with Dr. N. Katzourakis and Dr. H. Abugirda. The
author of this thesis gave an idea which partly impacted on the proof of the main
result \Rigidity and atness of maps with tangential Laplacian in separated form",
which states let R? be an open setand letalsbl 2. Letu: R" I RN
be a classical solution to the nonlinear system

[Du]? u=0 in ;

having the separated formu(x;y) = f(x) f(y), for some curvef 2 (W3P\
C?)(R;RN) and somep > 1. Then, the imageu() of the solution is contained in
an at most countable union of a ne planes inRN.
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Chapter 4 investigated with authors own initiative and he found a new classi-
cal 1 -harmonic functions in high dimensions, particularly when domains are two
dimensional in polar coordinates and at least two dimensional in Cartesian coor-
dinates. The challenges were the technical computations and the regularity of the
solutions on uncertain domains which was assumed to be well de ned.

We have two main outcomes of Chapter 5 which is a joint paper with Dr. N.
Katzourakis. First result \Variational Structure of Aronsson's system" coincides
with the result in [49] when the Hamiltonian function depends only on the gradient
function, namely H(x; ;P ) = jPj2. The result characterise<? 1 {minimal maps
as solution of the Aronsson system and vice versa. One of the di culty of proving
this theorem was that we can not di erentiate

( )"Hp(;u;Du) =0:

if 2 CYR™;RN). We avoided that using reduced nullspace in the de nition 5.1.3.
The second result \Divergence PDE characterisation of Absolute minimisers" is a
completely new original result. Lets highlight the main di erences of this theorem
with previous results. Firstly it has been proved folC! maps and forC? variations
vanishing on compactly contained boundaries. Secondly we did not use approxi-
mation techniques of theLP space but rather techniques of thé. 1 space, namely
Danskin's theorem.

6.2 Future work

We believe that the work in this eld is interesting and there are still many open
problems one can work on, for example:

1. It is common that a solutions to a PDEs might have less regularity than we
require. So it is natural to work on extending the result of the theorem 5.1.5
from C! to Sobolev spaces db-solutions.

2. Theorem 5.1.5 gives us characterization of Absolute minimiser only on Argmax
set. One of the methods to Il the gap is to study vectorialL 1 -absolute
minimisers on using vectorial LP-absolute minimisers on , i.e. for ev-
ery O b if u, is minimiser of E(u;O) := jH(;u;Du)jLeo), then one
can study \convergence" ofu, to u5 asp!1 , whereu, is minimiser of
E1(u;O) := JH(;u; DU)jLa(0y-

3. All known explicit solutions have at leastC'' regularity. So it is challenging
to nd explicit solutions of the theorem 5.1.5 and nd out how and/or why
other results have to fail.

68



Bibliography

[1] H. Abugirda, B. Ayanbayev, and N. Katzourakis. Rigidity and atness of
the image of certain classes of mappings having tangential LaplaciafcXiv
preprint, https: //arxiv. org/ pdf/ 1704. 04492. pdf, 2018.

[2] H. Abugirda and N. Katzourakis. Existence of D Vectorial Absolute Min-
imisers in L1 under Minimal Assumptions. Proceedings of the American
Mathematical Society 145(6):2567{2575, 2017.

[3] S. N. Armstrong, M. G. Crandall, V. Julin, and C. K. Smart. Convexity
criteria and uniqueness of absolutely minimizing functions.Arch. Ration.
Mech. Anal., 200(2):405{443, 2011.

[4] G. Aronsson. Minimization problems for the functionasupyF (x; f (x); f (x)).
Ark. Mat., 6(1):33{53, 1965.

[5] G. Aronsson. Minimization problems for the functionabup,F (x; f (x); (X))
lI. Ark. Mat., 6(4-5):409{431, 1966.

[6] G. Aronsson. Extension of functions satisfying Lipschitz conditionsArk.
Mat., 6(6):551{561, 1967.

[7] G. Aronsson. On the partial di erential equationu2uy+2 Uy Uy Uyy + u§uyy =0.
Ark. Mat., 7(5):395{425, 1968.

[8] G. Aronsson. Minimization problems for the functionabup,F (x;f (x);f (X))
1. Ark. Mat., 7(6):509{512, 1969.

[9] G. Aronsson. On Certain Singular Solutions of the Partial Di erential Equa-
tion UZUxx + 2UxUyUxy + UZUyy = 0. Manuscripta Mathematica 47(1-3):133 {
151, 1984.

[10] G. Aronsson. Construction of Singular Solutions to thp-Harmonic Equation
and its Limit Equation for p= 1 . Manuscripta Mathematicg 56:135 { 158,
1986.

[11] G. Aronsson. On certain minimax problems and Pontryagin's maximum prin-
ciple. Calc. Var. Partial Di erential Equations , 37(1-2):99{109, 2010.

[12] G. Aronsson and E. N. Barron.L 1 variational problems with running costs
and constraints. Appl. Math. Optim., 65(1):53{90, 2012.

69


https://arxiv.org/pdf/1704.04492.pdf

[13] G. Aronsson, M. G. Crandall, and P. Juutinen. A tour of the theory of
absolutely minimizing functions. Bull. Amer. Math. Soc. (N.S.), 41(4):439{
505, 2004.

[14] B. Ayanbayev and N. Katzourakis. A Pointwise Characterisation of the PDE
System of Vectorial Calculus of Variations il 1. Proc. Royal Soc. Edinburgh
A, 2019.

[15] E. N. Barron. Viscosity solutions and analysis i . In Nonlinear analysis,
di erential equations and control (Montreal, QC, 1998) volume 528 ofNATO
Sci. Ser. C Math. Phys. Sci. pages 1{60. Kluwer Acad. Publ., Dordrecht,
1999.

[16] E. N. Barron, L. C. Evans, and R. Jensen. The In nity Laplacian, Aronsson's
Equation and their Generalizations. Transactions of the American Mathe-
matical Society 360(1):77{101, 2008.

[17] E. N. Barron, R. R. Jensen, and C. Y. Wang. Lower Semicontinuity df -
Functionals. Ann. Inst. Henri Poincae, Anal. Non Lireaire , 18(4):495{517,
2001.

[18] E. N. Barron, R. R. Jensen, and C. Y. Wang. The Euler equation and absolute
minimizers ofL 1 functionals. Arch. Rational Mech. Analysis 157(4):255{283,
2001.

[19] E. N. Barron and W. Liu. Calculus of variations inL 1. Appl. Math. Optim.,
35(3):237{263, 1997.

[20] M.F. Bidaut-\eron, M. Garcia-Huidobro, and L. \eron. Separable in n-
ity harmonic functions in cones. Calc. Var. Partial Di erential Equations ,
57(2):Art. 41, 31, 2018.

[21] M. Bocea and V. Nesi. -convergence of power-law functionals, variational
principles in L1, and applications. SIAM J. Math. Anal.






[41] L. C. Florescu and C. Godet-Thobie.Young measures and compactness in
measure spacesDe Gruyter, Berlin, 2012.

[42] G. B. Folland. Real analysis. Modern techniques and their application®ure
and Applied Mathematics. John Wiley & Sons, Inc., New York, second edi-
tion, 1999.

[43] I. Fonseca and G. Leoni.Modern methods in the calculus of variationsLP
spaces Springer Monographs in Mathematics. Springer, New York, 2007.

[44] 1. L. Freire and A. C. Faleiros. Lie point symmetries and some group in-
variant solutions of the quasilinear equation involving the in nity Laplacian.
Nonlinear Anal., 74(11):3478{3486, 2011.

[45] A. Garroni, V. Nesi, and M. Ponsiglione. Dielectric breakdown: optimal
bounds.



[57] N. Katzourakis. Absolutely minimising generalised solutions to the equations
of vectorial Calculus of Variations inL 1. Calculus of Variations and Partial
Di erential Equations, 56(1), 2017.

[58] N. Katzourakis. Generalised solutions for fully nonlinear PDE systems and
existence-unigueness theoremdournal of Di erential Equations, 263(1):641{
686, 2017.

[59] N. Katzourakis. Solutions of vectorial Hamilton-Jacobi equations are rank-one
Absolute Minimisers inL 1. Advances in Nonlinear Analysis 2017.

[60] N. Katzourakis and J. Manfredi. Remarks on the Validity of the Maximum
Principle for the 1 -Laplacian. Le Matematiche 71(1):63 { 74, 2016.

[61] N. Katzourakis and R. Moser. Existence, Uniqueness and Structure of Second
Order Absolute Minimisers. Arch. Ration. Mech. Anal., 231(3):1615{1634,
20109.

[62] N. Katzourakis and E. Parini. The eigenvalue problem for th& -bilaplacian.
NoDEA Nonlinear Di erential Equations Appl., 24(6):Art. 68, 25, 2017.

[63] N. Katzourakis and T. Pryer. On the Numerical Approximation of1l -
Harmonic Mappings. Nonlinear Dierential Equations & Applications,
23(6):1{23, 2016.

[64] N. Katzourakis and T. Pryer. 2nd orderL* variational problems and the
1 -Polylaplacian. Advances in Calculus of Variations2018.

[65] N. Katzourakis and T. Pryer. On the numerical approximation ofl -
Biharmonic and p-Biharmonic functions. Numerical Methods for Partial Dif-
ferential Equations. ISSN 1098-2426 (In PressR018.

[66] N. Katzourakis and G. Shaw. Counterexamples in calculus of variations in
L1 through the vectorial eikonal equation. C. R. Math. Acad. Sci. Paris,
356(5):498{502, 2018.

[67] J. Kristensen and F. Rindler. Characterization of generalized gradient Young
measures generated by sequences/it* and BV. Arch. Ration. Mech. Anal.,
197(2):539{598, 2010.

[68] Q. Miao, C. Wang, and Y. Zhou. Uniqueness of absolute minimizers for
L *-functionals involving Hamiltonians H (x; p). Arch. Ration. Mech. Anal.,
223(1):141{198, 2017.

[69] R. Moser. AnLP regularity theory for harmonic maps. Transactions of the
American Mathematical Society 367(1):1{30, 2015.

[70] G. Papamikos and T. Pryer. A Lie symmetry analysis and explicit solutions of
the two-dimensionall -polylaplacian. Stud. Appl. Math., 142(1):48{64, 2019.

[71] P. Pedregal. Parametrized measures and variational principlesvolume 30
of Progress in Nonlinear Dierential Equations and their Applications
Birknauser Verlag, Basel, 1997.

73



[72] F. Prinari. Semicontinuity and relaxation ofL *-functionals. Adv. Calc. Var.,
2(1):43{71, 20009.

[73] F. Prinari. On the lower semicontinuity and approximation ofL 1-functionals.
NoDEA Nonlinear Di erential Equations Appl., 22(6):1591{1605, 2015.

[74] A. M. Ribeiro and E. Zappale. Existence of minimizers for nonlevel convex
supremal functionals.SIAM J. Control Optim., 52(5):3341{3370, 2014.

[75] O. Savin. C! regularity for in nity harmonic functions in two dimensions.
Arch. Ration. Mech. Anal., 176(3):351{361, 2005.

[76] S. Sheeld and C.K. Smart. Vector-valued optimal Lipschitz extensions.
Comm. Pure Appl. Math, 65(1):128{154, 2012.

[77] M. Valadier. Young measures. IiMethods of nonconvex analysis (Varenna,
1989), volume 1446 ofLecture Notes in Math, pages 152{188. Springer,
Berlin, 1990.

[78] Y. Yu. L7 variational problems and Aronsson equationsArch. Ration. Mech.
Anal., 182(1):153{180, 2006.

74



	Declaration

