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A MINIMISATION PROBLEM IN L1 WITH PDE AND
UNILATERAL CONSTRAINTS

NIKOS KATZOURAKIS

Abstract. We study the minimisation of a cost functional which measures
the mis t on the boundary of a domain between a component of the solution to
a certain parametric elliptic PDE system and a prediction of the values of this
solution. We pose this problem as a PDE-constrained minimisation problem
for a supremal cost functional in L1, where except for the PDE constraint
there is also a unilateral constraint on the parameter. We utilise approxi-
mation by PDE-constrained minimisation problems in LP as p ¥ 1 and the
generalised Kuhn-Tucker theory to derive the relevant variational inequalities
in LP and L. These results are motivated by the mathematical modelling of
the novel bio-medical imaging method of Fluorescent Optical Tomography.

1. Introduction

Let R" be an open bounded set with C* boundary @ and letalson 3.
Consider the next Robin boundary value problem for a pair of coupled linear elliptic
systems:

% (a) div(DUA) + Ku = S; in
(11) (b) div(DvB) + Lv = Muy; in
% (©) (DUA)n + u =s; on@ ;
N (¢))] (DvB)n + v = Q; on@ ;
where u; v : ¥ R? are the solutions, n : @ T R" is the outer unit normal
vector eld on @ and the coe cients A;B; K;L;M;s;S; ; satisfy >0 and
g u;v; S : * R, Du;Dv : T R2 M
(1.2) _KLM: Y*RZ2  AB: TR ™
) s: @ 1R?% : T [0;1):
Here the matrix-valued maps K; L are assumed to have the form
(1.3) K = ::; k';z ;L= :; |12

i
<A;B2VMOR™RT ™; (A); (B) ao;ai;
0

We will suppose8that there exists ag > 0 such that

(1.9) _
TKL;M2LY( ;R?2 2); ki ap; b ap:
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We note that our general notation will be either standard or self-explanatory, as
e.g. in the textbooks [24,
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and let also
1.7) ViV L@ R

be predicted (noisy) values of the solution v of (1.1)(b)-(1.1)(d) on the boundary
@ . Suppose that for any i 2 f1;:::; Ng, the pair (u;; vi) solves (1.1) with coe ciens
(Si;si; ). For the N-tuple of solutions (uq;:::; uN; Va; i VN ), we will symbolise

vy 2 WEZ(;R? N)  whP( RZN)

and understand (Uj)i=1.::n @and (Uj)i=1:::n aS matrix valued. Similarly, we will see
the corresponding vectors of test functions as

STo2whmz( R N) whRTE( R N):
Our aim is to determine some 2 LP( ;[0; 1)) such that all the mis ts
Vi %) g,

between the predicted approximate solution and the actual solution are minimal.
We will minimise the error in LT by means of approximations in LP for large p
and then take the limit p ¥ 1. By minimising in LT one can achieve uniformly
small cost, rather than on average. Since no reasonable cost functional is coercive
in our admissible class, we will therefore follow two di erent approaches to rectify
this problem, but in a uni ed fashion. The rst and more popular idea is to add
a Tykhonov-type regularisation term k k for small > 0 and some appropriate
norm. The alternative approach is to consider that an a priori LT bound is given on

. The latter approach appears to be more natural for applications, as it does not
alter the error functional. For nite p < A, we can relax this to an LP bound, but
as we are mostly interested in the limit case p = A, we will only discuss the case
of L1 bound. In view of the above observations, we de ne the integral functional

X
(1.8) Ip oy, = Vi
i=1

i eyt Kkpey (v, 2XP()

and its supremal counterpart

X
(1.9) 1 u;v; = Vi
i=1

where the dotted LP quantitids are regularisations of the respective norms:a [(8 9.9626 T742 -k)]38 Tf [(;)]TJ/8.

Vi i@yt Kkiagy (ev; 2x1();
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(1.13) 8 o
v; 2XP(): foralli2fl;::;;Ng; (uj;vi; ) satis es
0 M a.e. on
"
% (a)i div(DujA) + Ku; = S;j; in ; =
xXP() = (b); div(DViB) + Lv; = Muj,  in
g ©i (DuiA)n + uj = s;; on@ ;
()i (DviB)n + v; = 0; on@ ;
- for A;B;K;L; M;S;i;si; ; ;p satisfying hypotheses (1.2)-(1.7) ~*
and
N\
(1.14) x1() = XP():

n<p<2l1

Note that x1
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We conclude this lengthy introduction with some comments about the general
variational context we use herein. Calculus of Variations in L1 is a modern sub-
area of analysis pioneered by Aronsson in the 1960s (see [6]-[9]) who considered
variational problems of supremal functionals, rather than integral functional. For a
pedagogical introduction we refer e.g. to [20, 36]. Except for their endogenous math-
ematical appeal, L
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In the proofs that follow we will employ the standard practice of denoting by C
a generic constant whose value might change from step to step in an estimate.

Proof. The aim is to apply of the Lax Milgram theorem. (Note that the matrix K
is not symmetric, thus this is not a direct consequence of the Riesz theorem.) We
de ne the bilinear functional

B : WY¥( ;R%) wWh( ;R?) IR

h i

Blu; ]:= A:(Du”D )+ (Ku) dL" + u dH"
@

Since A;K are L1, by Holder inequality we immediately have

B[U, ] Ckukwl:Z( )k kwl:2( )
for some C >0 and all u; 2 W%42( ;R?). Further, since

ki ko Uy

(KU) u= [ul; U2] k2 kl U,

= kqjuj®  aojuj?;
we estimate
Blu;u]  ap kDukz( y+ kukfze )y + kukfzgg y;

for any u 2 W%2( ;R?). Hence, the bilinear form B is continuous and coercive,
thus the hypotheses of the Lax-Milgram theorem are satis ed (see e.g. [24]). Hence,
forany 2 (WY2( ;R?)) , exists a unique u 2 W52( ;R?) such that

Blu; 1=h ; i; forall 2W%Y2( ;R?):
Next, we show that the functional given by

h i
h ;o i:= g dH™ 1 + f +F:D dL"
@

liesin (W2( ;R?)) and we will also establish the L? and the LP estimates. Indeed,
by the trace theorem in W12( ;R?), there is a C > 0 which allows to estimate

h ;i kgkLZ(@ )k k|_2(@ y + kkaZ( y + kaLZ( ) k kwl;z( )
C kkaZ( )+ kaLZ( )+ kgkLZ(@ ) k kwl;Z( )
The particular choice 0f11g.9738 Tf 3.114 0Qar co7.749
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for i = 1;2. By applying the estimate to the each of the components separately, we
have

kuikwl;p( ) C kKkL:L( )kUKL”L‘fP( )+ kfikLnL-&)( )

2.7

+ KFikie( )y + KgiKie@e )
for i = 1;2. Note now that since we have assumed p > 2n=(n 2), we have
2 < np=(n+p) < p. Hence, by the LP interpolation inequalities, we can estimate

2p
1 . — .

By Young’s inequality
(2.8) ab r—rl("r)llr br i + "a;

which holds for a;b;" >0, r > 1 and r=(r 1) =r’, the choice r := 1=(1 ) yields
;. =" 2 . _ n 2 . r _npE 2.

p(n 2) 2n’ pn 2) 2n’ r 1 2p
and hence we can estimate

p(n( 2)2)2n (2p »
kUkLnL_Ep( ) kUkLp( ) p kUkLZ( ) p
p(:( 2)2)2r1 r r _']_ " 1 n(zpz) rr1
(2.9) Kuky e P + r ("'nT- kukp 2 y "®
2
2
= "KuKyip( ) +4_P

n(
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it satis es
(2.11)8
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is weakly closed. To this aim, let > ,inLP( )asjx ¥ 1. Then, for any
measurable set E with positive measure L"(E) > 0, by integrating the last
inequality over E, the averages satisfy

0 JdL" ™M
E
and therefore
pdL" = lim JdL"™ 21[0;M]:
E P =X E

By selecting E := B (x) for x 2 and 2 (0;dist(x;@ )), the Lebesgue di eren-
tiation theorem allows us to infer .

p(X) = lim pdL" 2[0;M]; forae. x2

0 B
To conclude that (tp;vp; p 2 XP( ), we must pass to the weak limit in the
equations (a);j (d); in (1.13). The only convergence that needs to be justi ed
that of the nonlinear source term Mu; in (b);j. To this end, note that by our

assumption p > % we have the inequality
p

—_— <

noom
1 2 2"

Thus, since u) ¥ uy; in LZ( ;R?) as jx ¥ 1, we have that
ul Yy inLeT( ;R?)
as jk ¥ 1. Hence, since 1 > p in LP( ), it follows that
IiMu} dL" x pMupi  dL"

forany 2CX( ;R%) asjk ¥ 1, as a consequence of the weak-strong continuity
of the duality pairing between LP( ) and L ’
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for any M = 0. If on the other hand (1.15) is satis ed, then by the weak lower-
semicontinuity of the functional k kl_q( y on LY9(C ), we have

k 1k|_1( y = q|l!n:_]Lk 1k|_q( )
it Tk ek .
o X )
g W
L X
- Vi Li@y

i=1

Further, by passing to the limitas p; ¥ 1 in (a); (d); of (1.13) as in the proof
of Proposition 6, we see that the limit (b4 ;v4; 1 liesin X1( ). It remains to
prove that (44 ;v41; 1 is a minimiser of 17 and that the energies converge. Fix
an arbitrary (4;v; 2 X%1( ). Sincep; g for large j 2 N, by minimality we have

l1 taiva; a2 = lim lg tava; 1
q=2 .
ArLs —31
liminf
gt
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Proof. To see (2.17), note that if M = 1A, then by testing in (1.20) against :=
p+ where 2LP( ;[0; 1)), we obtain

dl o(p)] , X n
dL” i=1
forany 2 LP( ;[0;+1)), which yields
. .p 2
J pJ?p) P + X

1
Ln( )k pkEp( ) i=1

(2.19) Mup; pi 0; a.e.on

From the above inequality we readily deduce (2.17). To see (2.18), we x a point
x2Ff ;>0g9, t>0smalland 2 (0;dist(x;@ ) and test against the function

= p tf stg\B 9 2L°(C ;[0; 1):

Then, by (1.20) we get

. I @) e
B (%) p=1g dLn 1

Mupi pi dL" 0;

which by diving by tL"(B (x)), letting t ¥ 0, using the Dominated Convergence
theorem and letting ¥ 0 yields

»
lim SV O 161))

Muy; i dL" o
0 5 (0 dLn P! P!

i=1
Now, (2.18) follows as a consequence of the Lebesgue di erentiation theorem and
(2.19). The proof is complete.

The proof of Theorem 2 consists of a few sub-results. We begin by computing
the derivative of Ip,.

Lemma 9. The functional I, : XP( ) ¥ R is Frechet di erentiable and its
derivative

dl, : XP() ¥ XP()
which maps

(tyv; ) A dlp (v )

is given for all (4;v; );(Z;w; )2 XP( ) by the formula

(2.20) dlp (g y@W; ) =P . wodl-p)]+ pdl ()

Proof. The Frechet di erentiability of 1, follows from well-known results on the
di erentiability of norms on Banach spaces and our p-regularisations in (1.10)-
(1.11). To compute the Frechet derivative, we use directional di erentiation. For
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Let us also de ne for any M 2 [0; 1] the following weakly closed convex subset of
the Banach space X P( ):
(2.25) Xh():=wWEZ( ;RZ Ny WP RZ NYy  LP( ;[0;M]):

Then, in view of (2.21)-(2.25), we may reformulate the admissible class XP( ) of

the minimisation problem (1.17) as
n o]
(2.26) XP()= v, 2XH():Jwv, =0

We now compute the derivative of J above and prove that it is a C* submersion.

Lemma 10. The map J de ned by (2.21)-(2.25) is a continuously di erentiable
submersion and its Frechet derivative

(2.27) i .
1
d3: XP() TL XP() WERI(RH)  WERR( R

which maps
(CHUD L
is given by
2 D E 3
dIf oy ,EW ) 1
D E
2 e )
D E dJg (CR% )(Z'W’ )i 1
(2.28) dJ v @W ) (57) =8 : E
5 AIN s yEWE ), N

dJ'z\‘ (CRA )(Z;W; )N

In (2.28), for each i 2 f1;:::;;Ng and j 2 f1;2g, the component dJ3, (v ) of the
derivative is given for any test functions

;) 2 \WhiaBze-36 038 793 TF 7p1.39 0 Td [CDITe
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associated with the minimisation problem (1.17), such that the constrained min-
imiser tp;¥p; p 2 XP( ) satis es for any (z;w; ) in the convex set X ( ) that
1 Ay 1
D P (bpivp; p) Z,W, p ) dJ;
2.32 =t
(2.32) >
+ dJ?
i=1
Proof. By Lemmas 9-10, |, is Frechet di erentiable and J is a continuously Frechet
di erentiable submersion on X P( ). Also, the set X,

Z, W, yopi
! (dp;¥p; p) P pi

(HpVp: p) zZ,W, p s pi
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for any (z;w; )2 X5 ().
We conclude this section by obtaining the further desired information on the
variational inequality (2.34).

Lemma 13. In the setting of Corollary 12, the variational inequality (2.34) for
the constrained minimiser tp;%p; p IS equivalent to the triplet of relations (1.20)-
(1.22).
Proof. The inequality (1.20) follows by setting 2 = w = 0 in (2.34), and recalling
the de nition of Radon-Nikodym derivative of the absolutely continuous measure
p( p). The identity (1.21) follows by setting = , and z = 0 in (2.34) and
by recalling that W*P( ;R? N) is a vector space, so the inequality we obtain in
fact holds for both w. Finally, the identity (1.22) follows by setting = , and
w = 0 in (2.34) and by recalling again that W32 ( ;R2 N) is a vector space, so
the inequality holds for both z.

We conclude by establishing our last main result.
Proof of Theorem 3. We rst show that for any p > n and any
(v; )2WHP( RZ N)  LP();
we have the next total variations bounds for the measures (1.23)-(1.24):
) @) N; 19.986 Tf 12 _ 14284 (Theoed ¢

T1TRECNDESCaiaiYR3Ce@F135 o8 TR TFTCWhectrd —3382 C&iYBace106d1 €CRBCA —382ChadY?8¢WNMW?28¢CeY—1Td 8
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To see (2.37), we argue as follows. First, note thatif 7 = 0a.e.on , then by the
positivity of , and , we trivially have

liminf d 0=k 1k o
imint ol p( ) 1kia

and hence (2.37) ensues. Therefore, we may assume kK 1k a1 y > 0. Next, note
that by (1.11) we have

. . 2. .
J ol " o’

dl p(p)] = dL”
pUl plp p 1
K pKio(
iP . p 2
_ ) plpy no 1 J plpy n.
= 5 7 dL 52 5 7 dL™;
k pkLF’( ) k PkLP( )
which by Holder inequality gives
1 1p P p 2
pdl p(p)] =k pkLp( ) p7 k pkLp( ) ] plp) dL"
1
k pk _—
pPRLP( ) p2k pkLp( N
Hence, forany k 1 xed andp Kk, we have
1
pel o)l Hpkinc P2K pKik ):

Since by Theorem 1 we have , * 4 in LK( ) for any k 2 (1; 1), by the weak
lower semi-continuity of the convex functional k k,_k( y on LK( ), it follows that

I e TG AP
p; T
k 1k,_k( )
We therefore discover (2.37) by letting k ¥ 1.
Now we proceed with establishing (1) and (I1) of the theorem.
() Suppose that Cq; = 0. Then, we have

(2.38) o Tp ¥ 0,0 inwhmz( ;RZN) BV( ;R N)

asp;j ¥ 1, where ~,; 7p are the Lagrange multipliers associated with the con-
strained minimisation problem (1.18). In view of (2.37) and (1.19), the inequality
(1.20) implies

(2.39)

b ¢
dl p( p)] + ( p) Mupi pi dL" 0(L)p; o+ kakiagy:
i=1

for any 2 C3( ;[0; M]). Note now that Holder’s inequality gives

m

( p)MUpi
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duality pairing between L% ( ) and Lm z( ), by lettingp ¥ 2 along the sequence
(Pj) (2.39) yields

d 1 k 1k|_1( );
for any 2 C3( ;[0;M]). Hence, if >0, we see that 5 =0a.e.on . Again by
(1.25) and (2.38), by passing to the limit as p; ¥ 1 in (1.21), we obtain
h i

\ w:d~q4 =0 = pjli;nl B:(DwiD i) + Lw; pi dL"
i=1

+ (wi) pidH"
0
for any w 2 C}( ;R? N). Therefore, ~54 =10, as claimed.
(I1) Suppose now that Cq4 > 0. Then, the desired relations (1.27)-(1.29) would
follow directly from (2.39) and (1.21)-(1.22) by rescaling ~p; ~p and passing to

the limit as p; ¥ 1 since the rescaled multipliers ~,=Cp; ~p=C,, are bounded in
the product space

Wl;%( ,R2 N) BV( ,R2 N)
and therefore the sequence is sequentially weakly* compact, once we justify the
convergence

(2.40) o Mupi C—pidL” ' 5 Mugi o qdL™
p

aspj ¥ 1. To this end, we estimate

o Mupi C—pidL” 1 Muz;  q;dL”
P

(2.41) i pi Mupi Ci' Mu1;  41; dL"
P
+ ( p 1) Muq i 1i dL" :

Note now that by Theorem 1 we have , > 4 in L9(J/F1 [(in)-382(L)]TJ/F10 6.973r[(i)]TJ/F8 9.9626 Tf :
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and the latter inequality is true by the de nition of . In conclusion, by Holder’s
inequality and the above arguments, (2.46) yields
(2.47)

Ircn 1)
n@a " n@ ™)

n 1 dL”

[

pi ' n LG(l 2 n pi
MuPi Ci dL MUpi nm dL Ci
P P

In view of (2.44)-(2.45), (2.42) ensues from (2.47) for any t 2 (1;r). Finally, (2.43)
also follows from (2.47) and the Vitali convergence theorem, as from (2.44)-(2.45)
we already know

Mupi C—p' ! Muii 1 ae.on :
p

asp; ¥ 1, because M 2 L1( ;R? 2). The theorem ensues.

References

1. G.S. Abdoulaev, K. Ren, A.H. Hielscher, Optical tomography as a PDE-constrained optimiza-
tion problem, Inverse Problems 21, 1507 - 1530 (2005).

2. R.A. Adams, Soholev spaces, second edition, Academic Press, 2012.

3. D. Alvarez, P. Medina, and M. Moscoso, Fluorescence lifetime imaging from time resolved
measurements using a shape-based approach, Optics Express 17, 8843 - 8855 (2009).

4. L. Ambrosio, N. Fusco, D. Pallara, Functions of Bounded Variation and Free Discontinuity
Problems, Oxford University Press, 2000.

5. C. [aG -174.30u


https://arxiv.org/abs/1805.09519v3
https://arxiv.org/abs/1805.09519v3

19

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

A PROBLEM IN LT WITH PDE CONSTRAINTS 25

. T. Champion, L. De Pascale, F. Prinari, B-convergence and absolute minimizers for supremal
functionals, COCV ESAIM: Control, Optimisation and Calculus of Variations (2004), \Vol.
10, 14 - 27.

M. G. Crandall, A visit with the A -Laplacian, in Calculus of Variations and Non-Linear
Partial Di erential Equations, Springer Lecture notes in Mathematics 1927, CIME, Cetraro
Italy 2005.

B. Dacorogna, Direct Methods in the Calculus of Variations, 2nd Edition, Volume 78, Applied
Mathematical Sciences, Springer, 2008.

D. Daners, Robin boundary value problems on arbitrary domains, Trans. AMS 352 (2), 4207-
4236 (2000).

H. Dong, D. Kim, Elliptic equations in divergence form with partially BMO coe cients, Arch.
Rat. Mech. Anal. 196(1):25 - 70, 2010.

L.C. Evans, Partial di erential equations, Graduate Studies in Mathematics 19.1, 2nd edition,
AMS, 2010.

T. J. Farell and M. S. Patterson, Di usion modeling of uorescence in tissue, in Handbook
of Biomedical Fluorescence, M.-A. Mycek and B. W. Pogue, Eds., New York, Basel: Marcel
Dekker Inc., 2003, ch. 2.

I. Fonseca, G. Leoni, Modern methods in the Calculus of Variations: LP spaces, Springer
Monographs in Mathematics, 2007.

M.Freiberger, H. Egger, H. Scharfetter, Nonlinear Inversion in Fluorescent Optical Tomogra-
phy, IEEE Transactions on Biomedical Engineering 57:11, 2723 - 2729 (2010).

A. Garroni, V. Nesi, M. Ponsiglione, Dielectric breakdown: optimal bounds, Proceedings of
the Royal Society A 457, issue 2014 (2001).

J. Geng, WLP estimates for elliptic problems with Neumann boundary conditions in Lipschitz
domains, Adv. Math., 229(4): 2427 - 2448 (2012).

M. Giaquinta, Multiple integrals in the calculus of variations and nonlinear elliptic systems,
volume 105 of Annals of Mathematics Studies, Princeton University Press, Princeton, 1983.
A. P. Gibson, J. C. Hebden, and S. R. Arridge, Recent advances in di use optical imaging,
Physics in Medicine and Biology 50(4), R1 - R43 (2005).

M. Giaquinta, L. Martinazzi, An Introduction to the Regularity Theory for Elliptic Systems,
Harmonic Maps and Minimal Graphs, Publications of the Scuola Normale Superiore 11,
Springer, 2012.

T. Ghosh, personal communication.

A. Godavarty, M. J. Eppstein, C. Zhang et al., Fluorescence-enhanced optical imaging in
large tissue volumes using a gain-modulated ICCD camera, Physics in Medicine and Biology
48 (12), 1701 - 1720 (2003).

A. Joshi, W. Bangerth, and W. M. Sevick-Muraca, Adaptive nite element based tomography
for uorescence optical imaging in tissue, Opt. Express 12, 5402 - 5417 (2004).

N. Katzourakis, An Introduction to Viscosity Solutions for Fully Nonlinear PDE with Ap-
plications to Calculus of Variations in L1, Springer Briefs in Mathematics, 2015, DOI
10.1007/978-3-319-12829-0.

N. Katzourakis, Inverse optical tomography through PDE-constrained optimisation in LT,
preprint.

N. Katzourakis, R. Moser, Existence, Uniqueness and Structure of Second Order Absolute
Minimisers, Archives for Rational Mechanics and Analysis, published online 06/09/2018,
DOI: 10.1007/s00205-018-1305-6.

N. Katzourakis, T. Pryer, 2nd order L7 variational problems and the A-Polylaplacian,
Advances in Calculus of Variations, Published Online: 27-01-2018, DOI: https://doi.org/
10.1515/acv-2016-0052 (in press).

N. Katzourakis, E. Parini, The Eigenvalue Problem for the 1 -Bilaplacian, Nonlinear Di er-
ential Equations and Applications NoDEA 24:68, (2017).

N. Katzourakis, E. Varvaruca, An lllustrative Introduction to Modern Analysis, CRC Press /
Taylor & Francis, Dec 2017.

C.E. Kenig, F. Lin, and Z. Shen, Homogenization of elliptic systems with Neumann boundary
conditions, J. Amer. Math. Soc. 26(4), 901 - 937 (2013).

Q. Miao, C. Wang, Y. Zhou, Unigueness of Absolute Minimizers for L1 -Functionals Involving
Hamiltonians H(X; p), Archive for Rational Mechanics and Analysis 223 (1), 141-198 (2017).



26

44

45.

46.

47.

48.

49.

50.

51.

NIKOS KATZOURAKIS

. R. Nittka, Elliptic and Parabolic Problems with Robin Boundary Conditions on Lipschitz Do-
mains, PhD thesis, Universitat Ulm, Fakultat fur Mathematik und Wirtschaftswissenschaften,
2010.

R. Nittka, Regularity of solutions of linear second order elliptic and parabolic boundary value
problems on Lipschitz domains, J. Di erential Equations 251, 860 - 880 (2011).

G. Papamikos, T. Pryer, A Lie symmetry analysis and explicit solutions of the two-
dimensional 1A -Polylaplacian, Studies in Applied Mathematics, Online 17 September 2018,
https://doi.org/710.1111/sapm.12232.

F. Prinari, On the lower semicontinuity and approximation of L™-functionals, NoDEA 22,
1591 - 1605 (2015).

A.N. Ribeiro, E. Zappale, Existence of minimisers for nonlevel convex functionals, SIAM J.
Control Opt., Vol. 52, No. 5, (2014) 3341 - 3370.

G. Zacharakis, J. Ripoll, R. Weissleder, and V. Ntziachristos, Fluorescent protein tomograpy
scanner for small animal imaging, IEEE Trans. on Medical Imaging 24, 878 - 885 (2005).

E. Zeidler, Nonlinear Functional Analysis and its Application 111: Variational Methods and
Optimization, Springer-Verlag, 1985.

B. Zhu, A. Godavarty, Near-Infrared Fluorescence-Enhanced Optical Tomography, Hindawi
Publishing Corporation, BioMed Research Inter. 2016, Article ID 5040814, 10 pages (2016).

Department of Mathematics and Statistics, University of Reading, Whiteknights,

PO Box 220, Reading RG6 6AX, United Kingdom

E-mail address: n.katzourakis@reading.ac.uk



	Cover_18-11
	1812.10093
	1. Introduction
	2. Proofs
	References


