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Speaking about the system (1.1), we would like to mention that the system (1.1)
is called the\1 -Laplacian" and it arises as a sort of Euler-Lagrange PDE of vectorial
variational problems in L 1 for the supremal functional

(1.4) E1 (u; O) := kH (Du)kL 1 (O ) ; u 2 W 1;1
loc (
 ; RN ); O b 
 ;

when the Hamiltonian (the non-negative function H 2 C2
�
RN � n

�
) is chosen to

be H (Du) = 1
2

�
�Du

�
�2

, with
�
�:

�
� is the Euclidean norm on the spaceRN � n . the

1 -Laplacian is a special case of the system

(1.5) � 1 u :=
�

H
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Interestingly, even when the operator � 1 is applied to C1 maps, which may
even be solutions, (1.1) may have discontinuous coe�cients. This further di�culty
of the vectorial case is not present in the scalar case. As an example consider

(1.8) u(x; y) := eix � eiy ; u : R2 �! R2:

Katzourakis has showed in [11] that even though (1.8) is a smooth solution of
the 1 -Laplacian near the origin, we still have the coe�cient jDuj2[[Du]]? of (1.1)
is discontinuous. This is because when the dimension of the image changes, the
projection [[Du]]? \jumps". More precisely, for (1.8) the domain splits to three
components according to the rk(Du), the \2D phase 
 2", whereon u is essentially
2D, the\1D phase 
 1", whereon u is essentially 1D (which is empty for (1.8))and
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(i) On 
 2 we haverk(D u) = 2 , and the map u : 
 2 �! RN is an immersion
and solution of the Eikonal equation:

(1.10) jDuj2 = C2> 0:

The constant C may vary on di�erent connected components of
 2.
(ii) On 
 1 we haverk(D u) = 1 and the map u : 
 1 �! RN is given by an

essentially scalar1 -Harmonic function f : 
 1 �! R:

(1.11) u = a + �f; � 1 f = 0 ; a 2 RN ; � 2 SN � 1:

The vectors a; � may vary on di�erent connected components of
 1.
(iii) On S, jDuj2 is constant and alsork(D u) = 1 . Moreover if S = @
 1 \ @
 2

(that is if both the 1D and 2D phases coexist) thenu : S �! RN is given by
an essentially scalar solution of the Eikonal equation:

(1.12) u = a + �f; jDf j2 = C2> 0; a 2 RN ; � 2 SN � 1:

The main result of this paper is to generalise these results to higher dimension
N � n � 2. The principle result in this paper in the following extension of theorem
1.1:

Theorem 1.2 ( Phase separation ofn-dimensional 1 -Harmonic mappings).
Let 
 � Rn be a bounded open set, and letu : 
 �! RN , N � n � 2, be an 1

-Harmonic map in C2
�

 ; RN

�
, that is a solution to the 1 -Laplace system(1.1).

Then, there exist disjoint open sets
�

 r

� n
r =1 � 
 , and a closed nowhere dense set

S such that 
 = S
S � nS

i =1

 i

�
such that:

(i) On 
 n we haverk(D u) � n and the mapu : 
 n �! RN is an immersion and
solution of the Eikonal equation:

(1.13) jDuj2 = C2> 0:

The constant C may vary on di�erent connected components of
 n .
(ii) On 
 r we haverk(D u) � r , where r is integer in f 2; 3; 4; :::; (n � 1)g, and

jDu(
 (t)) j is constant along trajectories of the parametric gradient 
ow of
u(
 (t; x; � ))

(1.14)

(
_
 (t; x; � ) = � > Du

�

 (t; x; � )

�
; t 2 (� " ; 0)

S
(0; " );


 (0; x; � ) = x;

where � 2 SN � 1, and � =2 N
�
Du

�

 (t; x; � )

� > �
.

(iii) On 
 1 we haverk(D u) � 1 and the map u : 
 1 �! RN is given by an
essentially scalar1 -Harmonic function f : 
 1 �! R:

(1.15) u = a + �f; � 1 f = 0 ; a 2 RN ; � 2 SN � 1:

The vectors a; � may vary on di�erent connected components of
 1.
(iv) On S, when S � @
 p \ @
 q = � for all p and q such that 2 � p < q � n � 1,

then we have thatjDuj2 is constant and alsork(D u) � 1. Moreover on

@
 1 \ @
 n � S;

(when both1D and nD phases coexist), we have thatu :S �! RN is given by
an essentially scalar solution of the Eikonal equation:

(1.16) u = a + �f; jDf j2 = C2> 0; a 2 RN ; � 2 SN � 1:



PHASE SEPARATION OF



6 HUSSIEN ABUGIRDA

Lemma 2.3 (cf. [14]).
Let u :Rn � 
 �! RN be in u 2 C2

�

 ; RN

�
. Consider the gradient 
ow

(2.6)

8
<

:

_
 (t; x; � ) =
�

jDu j2

j � > Duj2 � > Du
� �


 (t; x; � )
�
; t 6= 0


 (0; x; � ) = x;

for x 2 
 , � 2 SN � 1 n [[Du]]?
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u must coincide and hence, we obtainu = �f + a for � 2 SN � 1; a 2 RN and
f 2 C2(
 1; R) where � and a may vary on di�erent connected components of 
 1.
The theorem follows.

�
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