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Abstract

This paper provides an overview of interpolation of Banach and Hilbert spaces, with a focus on

establishing when equivalence of norms is in fact equality of norms in the key results of the theory.

(In brief, our conclusion for the Hilbert space case is that, with the right normalisations, all the key

results hold with equality of norms.) In the nal section we apply the Hilbert space results to the

Sobolev spacesH®() and 4:5,23,24]
and the recent review paper [3] for the Hilbert space case), and it might be thought that there is little
to be said on the subject. The novelty of our presentation|this the perspective of numerical analysts
as users of interpolation theory, are ultimately concerned with the computation of interpolation norn
the computation of error estimates expressed in terms of interpolation norms|is that we pay parti
attention to the question: \When is equivalence of norms in fact equality of norms in the interpolat
Banach and Hilbert spaces?"

At the heart of the paper is the study, in Section 3, of the interpolation of Hilbert spaces
embedded in a larger linear spacé/, in the case when the interpolating space is also
so-called problem ofguadratic interpolation, see, e.g., [2,3,10,15,17]). The one line sumn
is that all the key results of interpolation theory hold with \equality of norms" in place of \
norms" in this Hilbert space case, and this with minimal assumptions, in particular we
that our Hilbert spaces are separable (as, e.g., in [2,3,15,17]).

Real interpolation between Hilbert spacesHq



that, in general (we suspect, in fact, whenever $ R"), HS() and 14°5() are not exact interpolation
scales. Indeed, we exhibit simple examples where the ratio of interpolation norm to intrinsic Sobolev
norm may be arbitrarily large. Along the way we give explicit formulas for some of the interpolation
norms arising that may be of interest in their own right. We remark that our investigations, which are
inspired by applications arising in boundary integral equation methods (see [9]), in particular are inspired
by McLean [18], and by its appendix on interpolation of Banach and Sobolev spaces. However a result of
x4 is that one result claimed by McLean ([18, Theorem B.8]) is false.

Much of the Hilbert space Section 3 builds strongly on previous work. In particular, our result that,
with the right normalisations, the norms in the K - and J-methods of interpolation coincide in the Hilbert
space case is a (corrected version of) an earlier result of Ameur [2] (the normalisations proposed and the
de nition of the J-method norm seem inaccurate in [2]). What is new in our Theorem 3.3 is the method
of prooflall of our proofs in this section are based on the spectral theorem that every bounded normal
operator is unitarily equivalent to a multiplication operator on L?(X;M; ), for some measure space
(X;M; ), this coupled with an elementary explicit treatment of interpolation on weighted L? spaces]|
which deals seamlessly with the general Hilbert space case without an assumption of separability or that
Ho\ H; is dense inHy and H;. Again, our result in Theorem 3.5 that there is only one (geometric)
interpolation space of exponent , when interpolating Hilbert spaces, is a version of McCarthy's [17]
uniqueness theorem. What is new is that we treat the general Hilbert space case by a method of proof
based on the aforementioned spectral theorem. Our focus in this section is real interpolation, but we
note in Remark 3.6 that, as a consequence of this uniqueness result (as noted in [17]), complex and real



case whereX; Xp. Inthiscase = Xj; and = X, with equivalence of norms, indeed equality of
norms if kK kx, k kx,, for 2 Xj.

If X and Y are Banach spaces and : X ! Y is a bounded linear map, we will denote the norm oB
by kBkyx.y , abbreviated askBky when X = Y. Given compatible pairs X = (Xo;X1) and Y = (Yo; Y1)
one calls the linear mapA : ( X)! ( Y) a couple map and writes A : X ! Y, if Aj, the restriction of
A to X;, is a bounded linear map fromX; to Y;. Automatically A : ( X)! ( Y) is bounded andA |,
the restriction of A to ( X)), is also a bounded linear map from (X)to ( Y). On the other hand, given
bounded linear operatorsA; : X ! Y;, forj =0;1, one says thatA, and A; are compatibleif A = A; ,
for 2 ( X). If Ag and A; are compatible then there exists a unique couple magA : ( X) ! (YY)
which has Ag and A1 as its restrictions to Xy and X 1, respectively.

Given a compatible pair X = ( Xo; X 1) we will call a Banach spaceX an intermediate spacebetweenX o
and X, [5] if X with continuous inclusions. We will call an intermediate space X an interpolation
spacerelative to X if, wheneverA : X | X, it holds that A(X) X andA:X ! X is a bounded linear
operator. Generalising this notion, given compatible pairsX and Y, and Banach spaces and Y, we will
call (X;Y ) a pair of interpolation spaces relative to(X; Y) if X and Y are intermediate with respect to X
and Y, respectively, and if, wheneverA : X ! Y, it holds that A(X) Y andA:X ! Y is a bounded
linear operator [5]. If (X;Y) is a pair of interpolation spaces relative to (X; Y) then [5, Theorem 2.4.2]

there exists C > 0 such that, wheneverA : X ! Y, it holds that
kAkx;Y C max kAkx 0:Yo ) kAkx Y1 . (1)

If the bound (1) holds for every A : X ! Y with C =1, then (X;Y) are said to be exact interpolation
spaces: for example the pairs ((X); ( Y)) and (( X); ( Y)) are exact interpolation spaces with respect
to (X; Y), for all compatible pairs X and Y [5, Section 2.3]. If, forallA: X ! Y,

kAkyxy k Ak}(O;YO KAKy v, 2)

then the interpolation space pair (X;Y ) is said to be exact of exponent .

2.1 The K-method for real interpolation

To explain the K -method, for every compatible pair X = ( Xo;X1) de ne the K -functional by
n ~ o}
K(t )= K(t; X):=inf Kk okd, +t%k 1k, 20 62 Xo; 12X1; o+ 1= (3

fort> 0and 2 ( X); our de nition is precisely that of [15, p. 98], [6,18]. (More usual, less suited to the

Hilbert space case, but leading to the same interpolation spaces and equivalent norms, is to replace the

2-norm k oj%, + t?k k&, =2 by the 1-norm k okx, + tk 1kx, in this de nition, e.g. [5].) Elementary

properties of this K -functional are noted in [18, p. 319]. An additional elementary calculation is that, for
2,

K@) Ku(t )= infjaik kg, + 151 ik K, 122 K kxok K, — )
a k k&, + t2k kg,
this in mum achieved by the choice a = t?k kg =(k k& + t?k k% ).
Next we de ne a weighted L9 norm by
21 dt
kfk.q := jt f(t)qu ; forO< < landl q<1;
0
with the modi cation when q= 1 , that
kf k.1 :=esssupjt f(t)j: (5)
t>0
Now de ne, for every compatible pair X = (Xo;X1),andfor0< < l1and1l q 1 ,
Koq(X)i= 2 (X):kK(; )kyq <1 ; (6)
this a normed space (indeed a Banach space [5, Theorem 3.4.2]) with the norm
K ke o )= NigkK (5 kg (7

3



Here the constantN ,; > 0 is an arbitrary normalisation factor. We can, of course, make the (usual)
choiceN



Theorem 2.2. Suppose thatX = (Xo;X1) and Y = (Yo;Y;) are compatible pairs. Then:
(i) For 0< < 1,1

or 0 g 1 , (K.q(X);Kq(Y)) is a pair of interpolation spaces with respect to
(X; Y) that is exact of exponent .
(i) For 0< < 1,1

g 1 , (Xo;X1),q =(X1;X0)1 9, With equality of norms if N.q = N1 4
(which holds for the choice(8)).
(i) For 0< ;1< ,<landl q 1 ,if X3

Xo, then X4
the inclusion mappings are continuous

K 2;Q(Y) K mq(Y) Xo, and
. Furthermore, ifk kx, k kLl, for 2 X4, then, with the
choice of normalisation (8), k k, s k kg 0 (X) for 2 K ,4(X),

kK kx, k kg 0 (X)) for 2K1;q(7); and k kg Ja () k kx,; for 2 Xj:
(iv) For 0< < 1,1 qg<1, ( X)isdenseinK 4 (X).

(v) For 0< < 1,1 <1, whereX; denotes the closure of( X) in Xj,

(X0;X1) ;g =(Xg;X1) ;g =(X, andl



A major motivation for introducing the J-method is the following duality result. Here, for a Banach
spaceX, X denotes the dual ofX .
Theorem 2.4. If X = (Xg;X1) is a compatible pair and ( X) is dense inXo and X, then ( X) is
dense in ( X) and X :=(Xq;X,) is a compatible pair, and moreover

(X) =(X) and (X) =(X) (15)
with equality of norms. Further, for 0< < 1,1 qg< 1, with g dened by (14),
(X0;X1) ,q =(X0;X1)q ;
with equivalence of norms: precisely, if we use the normalisatior§8), for 2 (Xo;X1) i,

kKke oy kK Koy and kke ) k ko
Proof. We embedX; in ( X) , for j =0;1, in the obvious way, mapping 2 X; to its restriction to
(X)), this mapping injective since ( X) is dense inX;. That (15) holds is shown as Theorem 2.7.1 in [5].

The remainder of the theorem is shown in the proof of [18, Theorem B.5]. O

The above theorem has the following corollary that is one motivation for our choice of normalisation
in (13) (cf., the corresponding result for K -norms in Lemma 2.1 (iii)).

Corollary 2.5. If X =(X;X ) thenJ 4 (X) = X with equality of norms.

Proof. It is clear, from Lemma 2.1 and Theorem 2.3, thatJ .4 (X) = X. It remains to show equality of
the norms which we will deduce from Theorem 2.4 for kq 1

We rst observe (cf. part (vi) of Theorem 2.2) that, for0 < < 1,1 q 1 , it follows immediately
from the de nitions that if Z; is a closed subspace ofj, for j = 0;1, and Z = (Zo;Z1), Y = (Yo; Y1),
thenk k; ¢y k K 7. for 234 (Z). We will apply this result in the case that, for some Banach
spaceX andj =0;1,Z; = X,andY; = X , the second dual ofX, recalling that X is canonically and



3 Interpolation of Hilbert spaces

We focus in this section on so-calledquadratic interpolation, meaning the special case of interpolation
where the compatible pairs are pairs of Hilbert spaces and the interpolation spaces are also Hilbert spaces.
For the remainder of the paper we assume the normalisations (8) and (13) for th& - and J-methods, and
focus entirely on the case



Now we show below that this in mum is achieved for the choice
t2 W NZ,t?

Ry = : (17)
(Wo + wit?) o 2 I=(wo + wis?)ds  Wp + wit?

f(t) =

to get the second equality we use that, from (10),
z 1 S2 1 Z 1 S1 2 W1 1

———ds= ds = = :
o Wo+ w;s? 0 WoS2+ Wi N2,wow; W N2,

Substituting from (17) in (16) gives that
Z Z 1 t 1+2 Z
k k2 . =N?2 2 j? ——dt = i j2d =k K& :
3. 2 (H) ,ZXWJJ o W0+W1t2d d XWJJd H
It remains 1@ justify that the in mum is indeed attained by (17). We note rst that the de nition of
f implies that ;" (f (t)=t)dt = , so that hll) holds. Now suppose g\;atg is another eligible function such

that (11) holds, and let =g f Then o ( (H)=t)dt =



Proof. For j = 0;1, de ne the non-negative bounded, injective operatorA; : ( H) ! ( H) by the
relation (A; ; )( m = (5 ny,for ;2 ( H), where (; )( ) denotes the inner product induced
by the norm k k(z - By the spectral theorem [11, Corollary 4, p. 911] there exists a measure space
(X;M; ), a bounded -measurable functionwg, and a unitary isomorphism U : ( H) ! L?(X;M; )
such that o

Ao =U woU; for 2 ( H);
and wg > 0 -almost everywherejincer is non-negative and injective. De ning w; :=1 wp we see
that A; = U iwlu ,for 2 ( H), sothat alsow; > 0 -almost everywhere.

For 2 ( H),

kK kG, =(U WU )y =(WUSU Do ) = KU Kz, 3 forj =051

Thus, where (similarly to H,) H, denotes the closure of (H) in Ho, U extends to an isometry U :
H; ! L2(X;M;w; ) for j = 0;1. These extensions are unitary operators since their range contains
L2(X;M; ), which is dense inL2(X;M;w; ) for j = 0;1. WhereH :=(Hy;H;), U extends further
to a linear operator U : ( H ) 'Y , the space of -measurable functions de ned onX. Thus, applying

Corollary 3.2 and noting part (v) of Theorem 2.2, we see thatH = K .,(H) = J.,(H), with equality of
norms, where o

H = 2 (H):k ky =KkU kee;xmw )< 1
andw := wj w,;. Moreover, for 2 ( H), the unbounded operator T : H; ! H, satises T
U Y(wo=wy)U so that kS* ki, = (T* 5 Ju, = (ATH 5 )@y = (WUSU Jiexm; )
k ki ,for0O< < 1,andkS ki, =(woU ;U )izxm; )=k Kj, .

0onnu

In the special case, considered in [15], thatHy is densely and continuously embedded irH,, when
( H) = Ho and ( H) = Hy, the above theorem can be interpreted as stating that Ho;H;) . » is the
domain of the unbounded self-adjoint operatorS* :H; ! Hy (and Ho the domain of S), this a standard
characterisation of the K -method interpolation spaces in this special case, see, e.g., [15, p. 99] or [6]. The
following theorem (cf., [6, Theorem B.2]), further illustrating the application of Corollary 3.2, treats the

special case wherH;  Hg, with a compact and dense embedding (which implies that bothHy and H,
are separable).

Theorem 3.4. Suppose thatH = (Hg;H1) is a compatible pair of Hilbert spaces, withH, densely and
compactly embedded ifHo. Then the operator T : H; ! Hj, de ned by

(T5 v =05 DHer 5 2Hy;

i$ compact, self-adjoint, and injective, and there exists an orthogonal basis,1, n



3.2 Uniqueness of interpolation in the Hilbert space case

Theorem 3.3 is a statement that, in the Hilbert space case, three standard methods of interpolation
produce the same interpolation space, with the same norm. This is illustrative of a more general result.
It turns out, roughly speaking, that all methods of interpolation between Hilbert spaces that produce, for
0< < 1, interpolation spaces that are Hilbert spaces and that are exact of exponent, must coincide.
To make a precise statement we need the following de nition: given a Hilbert space compatible pair
H = ( Ho; Hq



so that
p"® Dk okE, k nkg o p"tHE Dk kG

Combining these inequalities with (18) (taking a= p", b= p"*!) and (19), we see that

p @ dk ki k K



4 Interpolation of Sobolev spaces

In this section we study Hilbert space interpolation, analysed in Section 3, applied to the classical Sobolev
spacesH®()and KS(), for s2 R and an open set . (Our notations here, which we make precise below,
are those of [18].) This is a classical topic of study (see, e.g., notably [15]). Our results below provide a
more complete answer than hitherto available to the following questions:

(i) Let Hg, for s2 R, denoteHS() or K3(). For which classes of and what range of sisfHsgan
(exact) interpolation scale?

(ii) In cases wheref Hsg is an interpolation scale but not an exact interpolation scale, how di erent are
the Hs norm and the interpolation norm?

Our answers to (i) and (ii) will consist mainly of examples and counterexamples. In particular, in the
course of answering these questions we will write down, in certain cases of interest, explicit expressions
for interpolation norms that may be of some independent interest. Our investigations in this section are
in very large part prompted and inspired by the results and discussion in [18, Appendix B], though we
will exhibit a counterexample to one of the results claimed in [18].

We talk a little vaguely in the above paragraph about \Hilbert space interpolation”. This vagueness
is justi ed in Section 3.2 which makes clear that, for 0< < 1, there is only one method of interpolation
of a pair of compatible Hilbert spacesH = (Hg;H1) which produces an interpolation spaceH that is a
geometric interpolation space of exponent (in the terminology of x3.2). Concretely this intermediate space
is given both by the real interpolation methods, the K - and J-methods with q = 2, and by the complex
interpolation method: to emphasise, these methods give the identical interpolation space with identical
norm (with the choice of normalisations we have made for theK - and J-methods). We will, throughout
this section, useH and (Ho;H1) as our notations for this interpolation space andk kg as our notation
for the norm, so that H = (Hg;H1) and k kg are abbreviations for (Ho;H1).2= K .2(H) = J.2(H)
andk k¢ ) = k k; ), respectively, the latter de ned with the normalisation (9).

4.1 The spaces H3(R")

Our function space notations and de nitions will be those in [18]. Forn 2 N let S(R") denote the
Schwartz space of smooth rapidly decreasing functions, an8 (R") its dual space, the space of tempered
distributions. For u 2 SR



4.2 The spaces H3()

For R" there are at least two de nitions of H®() in use (equivalent if is su ciently regular).
Following [18] (or see [24, Section 4.2.1]), we will de ne

H3():= u2D (): u=Uj ; forsomeU 2 H3(R") ;

where D () denotes the space of Schwartz distributions, the continuous linear functionals onD() [18,
p. 65], andUj denotes the restriction ofU2 D (R") S (R")to . HS3() is endowed with the norm
kukys(y =inf kUKysgny:Uj =u ; foru2 H() :

With this norm, for s 2 R, HS() is a Hilbert space, D() := fUj :U 2 D(R")g is dense inHS(),
and H'() is continuously and densely embedded in HS() with  kukys(y  k uky: , for s <t and
u2 HY() [18]. Further L2()= HO() with equality of norms, so that H3() L2t






Proof. Let H := (H%() ;H?()) ,for0< < 1. Choose an even function 2 C! (R) such that
0 () 1fort2 R, with (1) =0if jti > 1, and (t) =1if jtj < 1=2. ForO<h 1 dene
h 2 H2() by r(x) = (x1=h), x 2 .( (e observe that



Except in the case = R", it appears that flS() : s 2 Rg is not an exact interpolation scale.
Example 4.15 below shows, for the simple one-dimensional case = (Ql), that fi§S(): 0 s 1gis not
an exact interpolation scale, using a representation for the norm for interpolation betweerL?() = 18°()
and 191() given in the following lemma that illustrates the abstract Theorem 3.4 (cf., [14, Chapter 8]).
For the cusp domain example of Lemma 4.8, by Lemma 4.8 and Corollary 4.98S(): 2 s 0gis
not an interpolation scale at all.

Lemma 4.11. Let be bounded and seHq := B°() = L2() , Hy := BY() =



Lemma 4.13. If = (0 ;a), with a > 0, then fH3() : O S 29 is not an exact interpolation
scale. In particular, where



Figure 1: Comparison of Sobolev and interpolation norms inl§ (), for the functions ; and ».

Our last example uses the results of Lemma 4.11, and shows th&t8%(0;1) : 0 s 1gis not an exact
interpolation scale by computing values of the Sobolev and interpolation norms for speci ¢ functions. This
example also demonstrates that no normalisation of the interpolation norm can make the two norms equal.

Example 4.15. Let = (0 ;1), Ho = KB°() oY L?() andH; = ®'()= HJ() . The eigenfunctions
and eigenvalues in Lemma 4.11 are j(x) =  2sin(x ) and j = j2 2, so that, for 0 < < 1, the
interpolation normon H = 1§ () is given by (24). In particular,

kjk =1+ j2 272 forj2N:

Noting that
Z p— S P ( )
A 1 -t - j 1 ( e’ 2" e =2 cos=2; | odd
i()=p= sin(j x )e dx = - = =
10)= p= 0 Ux) j22 2 j22 2 isin=2 | even
it holds that
Z 1 1=2 Z 1 1=2
: . P 1+ ? cog(=2)
. = 2y i N yi2 - .
Kijke ( = ) 1+ 9)jj(0)jd =2j 2 o (72 22 sid(=2) d
A comparison of k jk and k jkg 0 forj =1;2and 2 (0;1) is shown in Figure 1(a). It is clear

from Figure 1(a) that the interpolation and Sobolev norms do not coincide in this case. In particular, for
= 1=2 we have

k 1k, 1:816 K 1Kgiz(, 1:656, k 2kiop 2522 K 2Kgi-z) 2:404
The ratio between the two norms is plotted for both ; and , in Figure 1(b). In particular,

1
k 1k1=2:k 1kﬁl:2() 1:096, k 2k1:2:k 2k|31:2() 1



[4] C. Bennet and R. Sharpley , Interpolation of Operators, Academic Press, 1988.
[5] J. Bergh and J. L efstr em, Interpolation Spaces: an Introduction, Springer-Verlag, 1976.
[6] J. H. Bramble , Multigrid Methods, Chapman & Hall, 1993.

[7] A. P. Calder on, Lebesgue spaces of di erentiable functions and distributionsProc. Symp. Pure
Math, 4 (1961), pp. 33{49.

[8] S. N. Chandler-Wilde and D. P. Hewett , Acoustic scattering by fractal screens: mathematical
formulations and wavenumber-explicit continuity and coercivity estimates



