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SCHATTEN CLASS TOEPLITZ OPERATORS ON GENERALIZED
FOCK SPACES

JOSHUA ISRALOWITZ, JANI VIRTANEN, AND LAUREN WOLF

Abstract. In this paper we characterize the Schatten p class membership of
Toeplitz operators with positive measure symbols acting on generalized Fock
spaces for the full range 0 <p< 1.

1. Introduction

Let d° = ‘Z(@ @ and let d be the usual exterior derivative. Throughout the
paper, let 2 C?(C"
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In this paper we will provide very similar characterizations of the Schatten class
membership of these Toeplitz operators. Note that unlike the classical Fock space
setting where one can utilize explicit formulas for the reproducing kernel, we instead
must rely on some known estimates on the behavior of the reproducing kernel (see
the rst three lemmas in the next section). The proofs of our characterizations will

[ O
[]



SCHATTEN CLASS TOEPLITZ OPERATORS 3

Lemma 2.4. Suppose that O;r> 0,and0<p 1 If satises condition
(:2), then the following are equivalent:

(d e2 LP(C";dv)
(b) (B(;r)) 2 LP(C";dv)
(c) f (B(am;r))g21Ip

Proof. The equivalence of p) and (c) for any r > 0 was proved in [6], where it
was also proved that @ and (c) are in fact independent ofr > 0. Thus, we will
complete the proof by showing that @) (  (c) for somer > 0.
First assume that (c) is true. Then by Lemma we have that
z
e(2)=  jk(w)j’e 2 M d (w)
Cn
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Thus, we have that

Z Z TP
(2.5) e °Z Uidyu) dv(z)
C"nB (am ;2r) B (am;r)
Z
r2ne e 1z amigy(z). r2mw:
C"nB (am ;2r)
Finally, combining (R:3) with (2:4) and (2:5) we have that
Z

=

X
(e(z))Pdv(z) Cr  ( (B(am;2r))P <
Cn

m=1

for someC; > 0 since €) is independent ofr > 0.
We now complete the proof by showing that @) ) (c) for r
Lemmal[2.1. In particular,

3 where is from

Z % Z
(e(2))Pdv(z) & (e(2))? dv(2):
cn m=1 B(am;=2)

Moreover, if z 2 B(am; =2) then Lemmal[2.2 gives us that

z

e(z) jke(u)j’e 2 d (u)& (B(am; =2)
B(am;=2)

which immediately implies that (c) is true with r = 5:

Lemma 2.5. Suppose that 0and satis es condition (2:1). Then

@ T 2S,if e2LP(C";dv) and0<p 1,
(b) e2LP(C";dv)if T 2S,and1l p<1.

Proof. Sincee 2 LP(C";dv) implies that f (B (am;r))g is bounded by Lemma 2.4,
we rst of all have that T is bounded onF? by Theorem 1 in [4]. Furthermore,
since’ K(z;z) e @, one can repeat virtually word for word the arguments on
pp. 96{97 in [6] to complete the proof.

We will need one more lemma before we prove the main result of this section.
Note that this lemma is in fact a standard result in frame theory, though we will
include its simple proof for the sake of completion.

Lemma 2.6. Letr> 0and letfey,;n6 Tf 8.a(C)]TI/F10 6.9738 Tf 7.195 3.615 Td [(n)]TJ/F11 9.9626 Tf 5.423
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Proof. If f;g 2 F?2, then the Cauchy-Schwarz inequality, Lemm, and the re-
producing property gives us that

X
jhAf; g ij jhf;emi Mk gi j

m=1 |
X 2
k fkez jhk g j?
m=1
Y
2
k fkez jo( m)e (m)j?
m=1
% Z 3
Kf ke 2 jgwe MWj2dv(u) . kfkeokgke>
m=1 B( mir)

Note that k ks, is not a norm whenp < 1. However, it is well known that if A
and B are compact, then
Sm+n 1(A+ B) sm(A)+ sp(B)
where s, (T) is the k™ singular value of a compact operatorT. Thus, it is easy to
see that for all 0<p 1 we have
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and clearly we have a similar estimate forju  j.
Plugging this into (2:10) gives us that
z

Siu i 00y X o .
(2.11) e zlt mle 218 wWd (u) (B(j; )e =l mle @i«
cn =1
Thus, since O<p 1, we can plug [211) into (2:9) to get that
h3 X
kEkgp . e OTpR (B(J' ))p e Oijj mje Qijj ki
i=1 mé k
* * L2
R . .
e T (B(j: ) e ®iow
j=1 m=1
R
PR
e (B(j; )P
i=1

which means that there existsC, > 0 independent ofN where

(2.12)

I I
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Theorem 3.2. Suppose 0,p 1, and satises condition @ Then the
following are equivalent:

(@) T isin the Schatten classSp;
(b) e2 LP(C";dv);

(€) (B(:r)) 2 LP(C";dv);

d f (B(am;r))g2IP.

Proof. That (c) and (d) are equivalent and that both conditions are independent
of r > 0 was proved in [6] whenn = 1, though the casen > 1 is analogous. Note
that (a) implies (b) follows from Lemma and the easy proof that (b) implies
(d) is analogous to the case Gp 1.

We will nish the proof by showing that (c) ) (a), sosupposethaty = (B(;r)) 2
LP(C";dv). Then by Fubirii's t?eorem and the reproducing property

HTn, £:f ipe

B wir) (2if (W)i%e 2 M d (2) dv(w)
Ccn Ccn
Z 792-6a0 9626 Tf 7.045 7.084 Td 41J/F14 9.9626 Tf 3.875 C

Ccn
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