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state 7 at time t, into a new state .1 at time t.1, where we assume that we consider
time steps to < t; < t, < ::. LetY be our measurement space, which we assume to
be xed within this work. For the data assimilation task we are given measurements
fc 2 Y at time tx. Also, we assume that we know some initial guess ”¢ 2 X at time to.
The task of data assimilation is to successively calculate some analysis ’ﬁa) at time ty
which is estimating the true system state >{"™® at time t,[LLDO6]. Usually, we are also
interested in an estimate for the uncertainty of the estimate ~®, or an estimate for the

analysis error
e® = @ e o Ny (1.1)

Here, we are interested in Hilbert-space type error estimates for the nite-dimensional as
well as the in nite-dimensional case, which provides a good model for high-dimensional
systems. We call a data assimilation system stable, if eﬁa) remains bounded by some
constant C>0fork ¥ 1. If eﬁa) T 1 fork ¥ A, we call it unstable. When we have
an estimate

fk fétru;a)
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The nonlinear case is beyond the scope of this work. The state space X is assumed to
be a Hilbert space with scalar product h ; iy, and the measurement space Y is a Hilbert
space with scalar product h; i, . Often, we will drop the indices X or Y, respectively,
since it is usually clear which scalar product is used.

At every time step tx, K 2 N
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where the di erence in the last round bracket can be decomposed as the rst di erence
in (3.3), i.e.

2 t ] b — ? t ] t ? t .
ﬁ:—?_e) 8_1 — Mk ﬁrue) ﬁa) Mk M;E rue) ﬁrue). (3.4)

This leads to
ropagation of previqus error + model error,
b 3t 4

A
eﬁé}zl — (| R H) Mkeﬁa) + M, Mlgtrue) ,ﬁtrue)

data errog yjnflugnce
X
+ R )
observation gperator error
i {

+R(HU )= (3.5)

reconstr c[ion error

We rst study the simpli ed situation where we assume that our computational
model is correct, i.e. MU = M, TJI/Frl [( ie574 0 Td(f 15.946z -13.27 Td [( g -397.258 -34.658 -34.65
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1

— k+le(()a) + ©e0) 4 e0)
S
@ x
= k+lg® + e(): (3.11)

‘=0
which is the formula for k replaced by k + 1 and the induction is shown. Then, in the
case where
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bounded by >0, :=jj jjand :=jjR jj , then the analysis error el is estimated
by o~ '
el k g 4 T (3.17)

If <1, we have

e® Ko L1 7 ‘ (3.18)
k 0 1 .
such that
Lo
IiLn'sin e® ”1—”: (3.19)

We now come to the g1[(W)82(e)-298(€B1R)] T Je)-ittd
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such that
limsup & IRY *+ .

msu i (3.30)

4. Stabilizing Cycled Data Assimilation

We have described error estimates for the analysis error of cycled data assimilation in
Theorems 3.3 and 3.4. One key assumption to keep the error bounded is the estimate

=jj Jj <1. This condition means that jj( R H)Mjj <1, i.e. the model dynamics
is not increasing the error stronger than the regularized reconstruction can reduce it.
Here, we investigate trace-class model operators M to show that we can obtain this
condition for appropriately chosen regularization parameter

Lemma 4.1 For a nite dimensional state space X = R" and injective operators H, we
can always make N :=1 R H arbitrarily small in norm.

Proof. This is due to the fact that H H is self-adjoint and thus it has a complete
basis *®;:::; 7™ of eigenvectors with eigenvalues j >0 for j = 1;::;n. We set

c:= j:nl1;i::r:1;nj il =>0: 4.2)
We can transform N into

N=1I RH=1I (I+HH)HH= (I1+HH)! (4.2)
and estimate

INj max - —— yapt (4.3)

Given ¢ we can always choose > 0 su ciently small such that the norm jjNjj of N is
arbitrarily small.

Remark. As a consequence of the previous lemma, given M we can choose >0
such that jj jj jiNjjjiiMjj < 1.

For the case of in nite dimensions, which is much closer to realistic situations, we
need to take more care, since in general the constant ¢ in the above arguments is zero.

Here, we will work out the case where M is a trace-class operator. We rst collect
notations and set-up our scene for further arguments.

Let ¥ -: “ 2 Ng be a complete orthonormal system in X. Then, any vector * 2 X
can be decomposed into its Fourier sum

= .. (4.4)

with «:=h”; «ifor “2N >¢
far. 894 Td [C*D]TI/FTI/F22 7.9701 Tf 20.523 -1.793 Td M*
=1
‘=1
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which yields (4.11). The second statement is a result of the order of the singular values

1 2 3 >0, such that we can choose su ciently small to make each term
in (4.11) arbitrary small. Since there are only a nite number of such terms, we obtain
the estimate (4.12).

Lemma 4.4 The norm of the operator Njx, IS given by
JiNjx i =1 (4.14)
foralln2Nand >0.

Proof. Since H is compact, we know that , ¥ 0 forn ¥ 1. This means that

for all n 2 N and all > 0, which implies the norm estimate (4.14).

SN

We now neel.95 23.2teel.95 23stub8( )]o138 0 T552 Tf 6.834s8(wm06 -6.409 -412.022 -27.82 0 Td /(:
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This means that given > 0 there is an n 2 N such that

X X X
Mt =t
‘=n+1 j=1 ‘=n+1

This provides an estimate for jjM,jj

13

(4.19)
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(1.3). Here, we have shown that we need su ciently small to keep the error bounded
over time. But the error bound will also depend on by the norm

o 1

IR J) §p=
of R , compare equation (4.20). The bound might in fact be rather large. Given there
will be some optimal  which leads to the best possible error bounds for a given set-up.
However, the maximal for which jj jj < 1 is achieved might still cause severe numerical

instabilities, such that there is the possibility that practically it is impossible to stabilise
the scheme, depending on the particular set-up and operators under consideration.

5. Numerical Examples

Here, we present two numerical examples to demonstrate the theory presented in this
work. Firstly we present a simple low-dimensional setup which con rms the theoretical
results. Then, we investigate a more realistic system, the 2D Eady model [Ead49], which
con rms the practical validity of the above results.

The numerics demonstrate that with a small regularization parameter we can
achieve a stable cycled data assimilation scheme. For the simple low-dimensional system
we use construct M to be a random n  n-matrix, using Matlab rand function, giving
us a singular system by its SVD. To mimic a kind of trace-class operator, we then
manipulated the singular values to decay su ciently strongly.

The interesting case is where some singular values are larger than one, leading to
a system with growing modes. Further, we want the rest of h



On Error Dynamics and Instability in Data Assimilation 15

jjeﬁa)jj.z over time t, with respect to the 12 norm. In Figure 3 we plot jjeg‘g‘,%)oojj.z as
is varied. Here we observe for a xed time tigg0 that the analysis error is sensitively
dependent on the regularization parameter we choose.

Figure 1. The I? norm of the analysis error as the scheme is cycled for the time index
2

k, for a regularization parameter, = - 1:2.
(b)

Figure 2. The I? norm of the analysis error as the scheme is cycled for the time index
k, for a regularization parameter, 0:8.

As a second example, we now consider a more realistic system where the model
operator M arises from the discretization of a system of partial di erential equations.
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Figure 3. The 12 norm of the analysis error as the scheme is cycled for a constant
time index k = 10000, varying the regularization parameter,

The system we consider is the two-dimensional Eady model, a simple model of
atmospheric instability, see [Ead49] for a detailed introduction. The model is de ned in
the x z plane, with periodic boundary conditions in x and z 2 [ 1=2;1=2]. The state
vector consists of the nondimensional buoyancy b on the upper and lower boundaries and
the nondimensional potential vorticity in the interior of the domain. For the current
study we assume that the interior potential vorticity is zero and thus we only need
to consider the dynamics on the boundaries. The buoyancy is advected along the
boundaries forced by the nondimensional streamfunction according to the equation

@b @b _@
47— = — = = .

ot z ax _ Ox on z 1=2 (5.1)
where the streamfunction satis es

@2 @2 .

T + (T 0 inz2[ 1=2;1=2]; (5.2)
with boundary conditions

e _ _ 4o

0z b onz= 1=2: (5.3)

The equations are discretized as described in [Joh03] and [JHNO5] using 40 grid points
in the horizontal, giving 80 degrees of freedom. The resulting discrete operator M has
a maximum eigenvalue of 1:3066.

We simulate the consequence of compact observation operator H with a random
80 80 matrix with the last 5 singular values 7g.50 = (10 8;10 8;10 1°:10 2;10 %)
respectively. Therefore, H is severely ill-conditioned with a condition number, =
4:1367  10% with respect to the 1> norm. We set up background and observation
standard deviations as follows ), = 0:25 and () = 1 respectively. Random normally
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distributed noise is added to the observations with mean, 0 and standard deviation, ().

2
Initially we choose = -&  16. In Figure 4 we observe that over time t, the analysis
(b)
error, jjeﬁa)jj.z blows up with respect to the 1> norm. Now in Figure 5 we choose a smaller
regularization parameter, = 555 11:1, in ating the background error variance, &,

from 0:252 to 0:32. Subsequently repeating with the same data, we observe a stable

analysis error, jjeﬁa)jj.z over time t, with respect to the 12 norm. In Figure 6 we plot

jie®
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Figure 5. The 12 norm of the analysis error as the scheme is cycled for the time index

k, for a regularization parameter, 11:1.
14000 i 1200
12000¢ 1 1000

10000

8000

Error

6000f
4000

2000

Figure 6. Left: The I? norm of the analysis error as the scheme is cycled for a constant
time index k = 10000, varying the regularization parameter, . Right: Zoomed version.

too large, error which enters the system via the data in general will be ampli ed, such
that the analysis error growth without limits in its long-term behaviour. This growth
happens even for an arbitrarily small data error.

In a numerical part we studied simple examples and also applied the theory to a
two-dimensional Eady model, a simple model of atmospheric instability. The numerical
results con rm and demonstrate the general theory very well.
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