


Abstract

Multidimansional upwinding tachniquas [?, 7] hava baan davalopad with
tha objact of tha solution of tha Fular aquations. Howavar, thay can aqually
wall ba usad to solva othar hyparbolic systams of aquations. Racantly, tha
mathod has baan adaptad for tha solution of tha shallow watar aquations [?],
but dua to tha subtly diffarant natura of thasa equations tha linsarisation
of tha systam usad impliad that tha schama was not quita consarvativa.

This raport dascribas a mathod by which tha shallow watar equation-
s can ba linsarisad in a truly consarvativa mannar, enabling tha usa of
wava modals and fluctuation distribution schamas to giva a consarvativa

multidimansional upwinding schama for tha shallow watar aquations.



Contents

1 Introduction

2 A Conservative Linearisation
3 Results

4 Conclusions



1 Introduction

This report is intended as a supplement to reference [?] in which the multi-

dimensional upwinding techniques developed b



2 A Conserv tive Line ris tion

The shallow water equations without friction, like the Euler equations, constitute

a nonlinear hyperbolic system of equations and can be written in the form
uw+F +G, =0, (2.1)

where
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However, it is also implicit in the paper that all integrations carried out to
evaluate these averages have to be done exactly, otherwise the ‘telescopic’ prop-
erty required for conservation is not satisfied precisely. This fourth criterion can

be simply expressed by requiring that
SVAEA+G,) = f (E.G)-di. (27)
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where VA is the area of the cell, 92 is the outer boundary of the domain and
i is the inward pointing normal to the boundary. It was never necessary to
impose this condition explicitly in the treatment of the Euler equations because
it is automatically satisfied by the approximation, but the condition becomes
important when the procedure for creating a conservative linearisation is followed
for the shallow water equations. In [?] an approximation was used which satisfied
the three criteria specified above but used inexact integration and so was not
conservative.

As with the Euler equations, assuming linearity of the conservative variables
would involve the evaluation of unnecessarily complicated integrals before the lin-
earised Jacobians could be constructed. Furthermore, the derivations of the wave
models are based on the matrix A(u)cosd + B(u)sin§. This linearisation does
not lead to an approximation to this matrix of the form A(u)cosf 4+ B(1)sin 6,
where U is some average of the conserved variables, so it is not immediately ob-
vious how the wave decomposition could be applied under these circumstances.
Therefore, as in the case of the Euler equations, it is assumed that the parameter
vector,

w = h>(1,u,v)", (2.8)

is the quantity that varies linearly. However, the consequences of this assumption
differ slightly from those for the Euler equations because some of the components
of u, F and G are polynomials in the components of w of order higher than two
(although they are far simpler than those resulting from assuming linearity of the
conservative variables).

Multidimensional upwinding methods on triangular grids in two dimensions

rely on the evaluation within each triangular cell of the so-called fluctuation
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Define now the Jacobian matrices,

211)1 0 0
du
Q) = Jw | w2 oW 0 |, (2.10)
ws 0 wy
and
Wa w1 0 w3 0 w1y
OF G
R= @ = | 2guw® 2w, 0 |, S= @ = 0 ws  wy |, (2.11)
0 w3 We Zgw13 0 2w;

in terms of w;, the components of the parameter vector (2.8). Note here that
all the components of these matrices are linear functions of w except for a single
cubic term which appears in both R and S.

Thus the fluctuation can be written

o = —//A(Rﬂﬁsﬂy) de dy (2.12)

_<//ARdxdy)%_<//A5dwdy)ﬂy, (2.13)

since the gradients of the parameter vector variables are constant within each

cell.
At this point the theory deviates slightly from that associated with the Euler

equations because the assumption of linear variation of w no longer implies that

[ Rdedy=vVarm), [ [ Sdedy =Vvasiwm) (2.14)

where V) is the area of the cell and W is the value of the parameter vector at the
centroid of the triangle.

However, it is still possible to do the integration exactly, simply by using a
higher order quadrature for the two cubic terms. Note that this only involves the
evaluation of one integral and so is not prohibitively expensive.

Now, defining

1 .
R:—//Rdd, S:—//de, 2.15
Va A v Va A v ( )
leads to
o = —Va(Rw, + Sw,)
= —VaF, +G,). (2.16)

In fact, R and S only differ from R(¥W) and S(%) in one component each.
All the elements of the matrix ) are linear in w so a similar argument to the

one used with the Euler equations gives

0 =QWw,, u,={Ww,. (2.17)






If the source term were completely ignored, the approximation would still sat-
isfy the three criteria of the two-dimensional version of Property U, but because
the integration is inexact the scheme is no longer conservative, even though the
error is likely to be very small. This is effectively the simplification which was
made when the concepts of multidimensional upwinding were originally trans-
ferred from the Fuler equations to the shallow water equations in [?]. In fact, in
[?] it was assumed that the primitive variables varied linearly. This assumption
is equally valid and the preceding analysis can still be carried out, resulting in a
different and slightly more complicated source term.

All that remains is the decomposition and distribution of the fluctuation

which, with the aid of a wave model, can be written

// + G, dxdy_zqs“+g, (2.26)

where N, is the number of effective waves, ¢* is the fluctuation of the k** wave, T*

is the vector corresponding to the projection of ¢* on to the conservative variables
and ¢ is the ‘source’ term in (2.23). It must be remembered that average values
of the primitive variables q and their gradients, which are used to calculate all
other cell-averaged quantities necessary for the decomposition [?], such as the
conservative variables and the flux balance, must be computed exactly from the

parameter vector variables, giving

W2 - 2TV,
qa=| wy/w; |, Va=| (wiVw;—wVuw)/w® |. (2.27)
W5 /Wy (W Vws —wsVwy ) /wr°

If linearity of the primitive variables is assumed, as it was in [?], then these
quantities must be calculated directly.

The results in this report were obtained using the ‘Froude angle splitting’ wave
model [?] and the PSI scalar distribution scheme [?], while the source term was

distributed very simply, sending one third to each of the vertices of the triangular

cell.



3 Results

Brief results are presented here for a single test case, that of an oblique hydraulic
jump, induced by means of the interaction between a supercritical flow and a wall
at an angle § = 8.95° to the flo



4 Conclusions

In this report, a method has been described by which the concepts of multidi-
mensional upwinding can be used in the solution of the shallow water equations
whilst retaining conservation - a property not satisfied by the first algorithms
devised [?, ?]. The resulting scheme has been tested on one test case and gives
good results in comparison with the exact analytic solution.

It is suggested that in future, the ‘source’ terms should be distributed in
a more sophisticated manner than has been used here. This may well help to

reduce the magnitude of the residuals when the numerical solutions ha



