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Abstract

Theextentto whichFour-DimensionalVariationaldataassimilation(4D-Var) is able

to useinformationaboutthetime-evolutionof theatmosphereto infer theverticalspatial

structureof baroclinicweathersystemsis investigated.Generalresultsarederivedusing

the singularvaluedecompositionof the 4D-Var observability matricesin an idealized

Eadymodelsetting.Theseresultsareconfirmedwith 4D-Varanalyses.

Theresultsshow that4D-Varperformswell atcorrectingtheerrorsthatwouldother-

wiserapidlycorruptaforecast.However, in afew cases,4D-Varmayaddarapidlygrow-

ing errorinsteadof correctingadecayingerror. Theability to extractthetime-evolution

informationcanbe maximizedby placing the observationsas far apartaspossiblein

time, andthe specificationof thecase-dependentbackgrounderror variancesis crucial

in beingableto projecttheobservationalinformationontoanalysisincrementsthatlead

to theappropriategrowth rate.
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1. Intr oduction

Thedynamicalinstability of theatmospheremeansthatsmallperturbationsthatareintroducedinto

theflow maygrow rapidly. For example,theflow at mid-latitudesis baroclinicallyunstabledueto

the vertical shearassociatedwith the meridionaltemperaturegradient. This wave-instabilitypro-

vides the dominantmechanismfor disturbancesto develop into mid-latitudeweathersystems.In

suchdevelopment,theverticalspatialstructureof thedisturbanceplaysa fundamentalrole in gov-

erningthedevelopment.For example,thenormal-modeanalysisof simplelinearmodels(Charney,

1947;Eady,1949)showedthat the fastestgrowing structureexhibits a westward tilt with heightin

the pressurefield. This vertical tilt leadsto a processknown asself-developmentwherethe upper

andlower level wavesact to intensifyeachother, leadingto exponj
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tional dataassimilation(4D-Var) (Rabieret al., 2000)andEnsembleFilters(Evensen,1994;Tippett

etal.,2003;Lorenc,2003a,b)extendthismethodby usinga forecastmodelto link togetherobserva-

tionsthataredistributedin time andalsoto evolve thebackgrounderrorcovariancematrix (Lorenc,

1986). This meansthat observationsarecombinedwith dynamicallyevolved covariancesso that

4D-Var is ableto generatetheverticalstructuresthatareneededfor baroclinicgrowth. For example,

singleobservationexperimentsby Thépautet al. (1996)showedthat3D-Var analysisincrementsdo

notexhibit any tilt with height,whereas4D-Varanalysisincrementsareanisotropicandalsoexhibit a

westwardtilt with height.Idealizedexperimentsby RabierandCourtier(1992)showedthat4D-Var

is ableto combinethe informationprovidedby the modeldynamicswith observationsof only the

eddypartof theflow to reconstructabaroclinicwave.

Thépautet al. (1996)demonstrateda stronglink betweenthe dominantsingularvectorsof the

tangentlinear model and 4D-Var analysisincrements. Theoreticalstudiesby Pireset al. (1996)

and Rabieret al. (1996) also showed that the 4D-Var cost function is most sensitive to analysis

incrementsgivenby the dominantsingularvectors. Hence4D-Var shouldprovide accuracy of the

unstablecomponentsof the flow by correctingthe componentsin the initial errorsthat arerapidly

growing.

Many of theprevious4D-Var studieshave consideredobservationsgivenat only theendof the

window. However, oneof themajoradvantagesof 4D-Var is thatit is ableto usethemodeldynamics

to link togethera time-sequenceof observations.Thisextra informationcanbeusedto build a



forecastsof baroclinicweathersystemsandalsoto correcterrorsin the initial conditionsthat result

in rapid growth. For a completeassessmentof whether4D-Var is ableto generatethe appropriate

vertical structures,we investigatewhether4D-Var is ableto generatetheappropriatestructuresfor

bothbaroclinicgrowth anddecay.

The2D Eadymodelis usedthroughoutthis paper. This linearmodelis oneof themostsimple

modelsof baroclinicinstability, andallows a clearunderstandingof the operationof 4D-Var. The

4D-Var algorithm,singularvectortechniqueandEadymodelaredescribedin section2. In section

3, we comparecaseswith growing anddecayingmodesandinvestigatethe impactof theaccuracy

of the observations,the temporalpositionof the observationsin the assimilationwindow and the

positionof theobservationsin thespatialdomain.Theexperimentsin section3 only considererrors

thatresultin modalgrowth or decaybut theexperimentsin section4 alsoconsidercaseswith errors

that result in non-modalgrowth. Thesefinal experimentsareusedto investigatethe impactof the

specifiederrorvariancesonthegrowth rateof thefollowing forecast.Themainconclusionsaregiven

in section5, andthepaperthenendswith adiscussion.Furtherstudiesassociatedwith thiswork may

befoundin Johnson(2003)sTj
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costfunction,
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observations, C& 
 & �� , & � � ,767676=, & �"
�

, to theinitial statevector, � � , andis denotedby

C'F
 ' �� 	 ' � / 	 � � ,>�����>� � 67676 	 '
"
/ 	 �

"
,>���8�G� � � 6

(2)

Thentheobservability matrix
'

andits associatedsingularvaluedecompositionis givenby

'F
 C)*���ED�� C'*���ED��B
 H
IG$ �

J I-K�IGL �I 6 (3)

The singularvalues,left singularvectors(LSVs), right singularvectors(RSVs) and rank of the

observability matrixaredenotedby
J I , KMI , L�I andN .

TheRSVsform anorthonormalbasisin theuncorrelatedstatespace,which meansthat the4D-

Varanalysisincrementscanbewrittenas:

� � � ��� 
 H
I-$ �

O IQP1I ���ED�� L�I , (4a)

where

O I 

J � I� �  J � I , (4b)

P1I 
 K �I C) ���ED�� CRJ I 6
(4c)

andwhere CR 
 C& � C' � � is the generalizedinnovation vector. The RSVsare independentof the

observedvaluesandthebackgroundstate.They give thepossiblespatialstructuresthatcanbeanal-

ysedby 4D-Var for the specifiedlinear modeldynamics,linearizationtrajectory, error covariances

andobservationlocationsin bothspaceandtime.

Theparticularcombinationof RSVsthatareincludedin theanalysisincrementis determinedby

thecoefficients, P>I . If thevector C) ���ED�� CR hasalargeprojectionontotheLSV K�I , thenthecorrespond-

ing RSV is givena largeweight. Theobservationalnoisecanhave a largeprojectionontotheLSVs

with small singularvaluesso that thecorrespondingRSVswould dominatetheanalysisincrement.

However, thesearefilteredby thefilter factors,
O I , whichdamptheRSVswith smallsingularvalues,
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J � I ASA � � . Hencethealgorithmselectively filters unrealisticstructuresandtheanalysisincrementis

dominatedby theRSVswith largesingularvalues.

c. Eady model

Thenon-dimensionalequationsfor the2D Eadymodel(Eady,1949)arenow described.Thebasic

stateis given by a linear zonalwind shearwith height in a domainbetweentwo rigid horizontal

boundaries. The domain is infinite in the meridionaldirection and the only dependenceon this

directionis theuniform meridionaltemperaturegradientwhich is in thermalwind balancewith the

zonalwind shear. Thedensity, staticstabilityandCoriolis parametersareall takento beconstants.

Theperturbationto thebasicstateis describedby thenon-dimensionalbuoyancy, T , on theupper

andlowerboundariesandby thenon-dimensionalquasi-geostrophicpotentialvorticity (QGPV), U , in

theinterior. Equivalently, theperturbationmayalsobedescribedby thenon-dimensionalgeostrophic

streamfunction,V , whichsatisfies:

W � VWYX �  
W � VW�Z � 
 U , in

Z@[ � ;\ ,
;
\ , X][_^ 35,>`ba8,

(5a)
W VW�Z 
 T , on

Z 
4c ;\ , X][_^ 35,>`ba8,
(5b)

where
X

is thenon-dimensionaldistancein thezonaldirection,and
Z

is thenon-dimensionalheight.

Thenon-dimensionaltimewill bedenotedby
�
. Theperturbationto thebasicstateis advectedzonally

by thebasicshearflow asdescribedby thenon-dimensionalQGthermodynamicequationandQGPV

equation:

W
W �  Z

W
WYX T 


W VWYX , on
Z 
dc ;\ , Xe[_^ 35,>`ba8,

(6a)
W
W �  Z

W
WYX U 
435, in

Z@[ � ;\ ,
;
\ , Xe[_^ 35,>`ba86

(6b)

Theperturbationis periodicin thehorizontalsothatthelateralboundaryconditionsare: T 	 35, Z ,1�f��

T 	 `e, Z ,1�f� and U 	 3Y, Z ,>�f�g
 U 	 `e, Z ,1�f� . The model is discretizedusing11 vertical levels for QGPV

with 40 grid points in oneperiodic interval in
X

. The advectionequationsarediscretizedusinga
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leap-frogadvectionscheme.Thecomputationaldetailsto computethe4D-VaranalysisandtheSVD

areidenticalto thosein JHN.

Dimensionalvaluesfor
X , Z

and
�

will beusedto discusstheresults.Thesearebasedonadomain

heightof
;=35hji

, buoyancy frequency
9k
l;=3 �m��no���

, Coriolisparameter
O 
l;=3 �mp�no���

. Thedifference

in thebasicstatezonalwind



theQGPV



wave is inferredthanfor thegrowing mode.In boththeamplitudeandphaseerrorcases,4D-Var is

muchbetterableto correctthe unobservedupperboundarywave for the casewherethe true state,

andhencethebackgroundstateerrorresultsin growth ratherthandecay.

Theseexperimentsillustratethat4D-Var is ableto usethetime-evolution informationto correct

theupperlevel wave. However, it is not clearwhy 4D-Var is betterat correctingthegrowing errors

thanthedecayingerrors,andhow theanalysescanbeimproved.

In thefollowing experimentstheSVD framework is first employedto considerfurthertheextent

to which 4D-Var is able to correctthe upperlevel wave andproducean analysiswith the correct

growth rate. Theconceptsthatarelearnedfrom theSVD framework arethenconfirmedby 4D-Var

analyses.Theanalysesareverifiedby comparingthebehaviour, includingthemagnitudeandphase

error, over the following forecastinterval. The magnitudeis evaluatedusing the non-dimensional

kineticenergy (KE) norm:
}e~ 
 ����� X � Z

(7)

where
��
 W Vsr W5X is the perturbationmeridionalwind. The phaseerror is evaluatedusing the

correlationbetweenthestreamfunctionfieldsof theanalysisandthetruestate.Theerror-correlation

takesavalueof onewhentheanalysisis completelyin phasewith thetruestateandtakesavalueof

minusonewhenthey arecompletelyoutof phase.

We first considerthe impactof theaccuracy of theobservationsby varyingthevalueof
� �

; we

thenexaminetheimpactof thetemporalpositionof theobservationsby varyingthetime of thefirst

setof observations;andwe finally examinetheimpactof thespatialpositionof theobservationsby

observinghorizontallinesof thebuoyancy field at differentheights.

c. Accuracy of the observations

Theability of 4D-Var to reconstructtheupperlevel wave for differentvaluesof
� �

is now examined.

Theobservationsareagainof thelower level buoyancy at thebeginningandtheendof thewindow,

but thevalueof
� �

is varied.It is assumedthatin theappropriatevalueof
� �

isusedin theassimilation

of realdata. A largevalueof
� �

implies that relatively inaccurateobservationsareassimilated



observationsareassimilatedandsotheanalysisis closeto the truestate.Hencevaryingthesizeof
� �

allowsusto investigatetheimpactof theaccuracy of theobservations.

1). SVD RESULTS

We first examinetheRSVsof theobservability matrix anddiscusssi4Tj
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thesecondpair of RSVs,with
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with thegrowing mode.

Therearesimilar resultsfor the caseswherethe backgroundstatehasa phaseerror. For both

thegrowing anddecayingmodes,theKE valuesfor thebackgroundstateareidenticalto thosefor

the true state(Fig. 6). The error canonly be seenin the error correlationvalues(Fig. 7). For the

growing mode,when
� � 
k356�;

, both pairsof RSVscontribute to the analysisincrement,andboth

thephaseandKE arecloseto thetruestate.When
� � 
�;

, only thefirst pair of RSVscontributeto

theanalysisincrement.This actsto correctthe lower level wave, but not the



1). SVD RESULTS

Singularvaluedecompositionsof thecorrespondingobservability matricesarefirst considered.For

a fixed assimilationwindow length,the temporalpositionof the initial observationshasvery little

impacton thespatialstructureof theRSVsandsotheir structuresarenot shown. Thereis, however,

a changein the singularvalues. Fig. 8 shows the singularvaluesof the first andsecondpairsof

RSVsthatcontributeto theanalysisincrementasselectedby thevaluesof P1I (notnecessarilyalways

numbers
\Y� �

and
� � �

). Whenthe initial observationsareat T+0, thesingularvaluesare
J 
 \ 6��Y�

and
356�� q . Thesecorrespondto theRSVsshown in Figs.3 and4. Whenthe initial observationsWhennummj
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2). 4D-VAR ANALYSES

4D-Var analysesusingobservationsof thelower level buoyancy but at differenttimesarenow com-

pared.Thefirst setof observationsaregivenat thebe



thebeginningof thewindow arealsoimportant.

e. Spatial position of the observations

The impactof thespatialpositionof the observationsis consideredby repeatingthe SVD analysis

and4D-Var experimentswith the horizontalline of observationsgivenat differentheights.This is

achievedby observingtheinterior non-dimensionalbuoyancy, which is theverticalderivativeof the

non-dimensionalstreamfunction.The observationsin eachcasearegivenat the beginningandthe

endof a 12hassimilationwindow.

1). SVD RESULTS

Thesingularvaluesof thefirst andsecondpairsof RSVs,asa functionof theheightof thebuoyancy

observations,areshown in Fig. 12. Dueto thesymmetryof theof theEadymodel,theexperiments

usingobservationson the lower boundaryareequivalentto thoseusingobservationson the upper

boundary. Hence,the curvesaresymmetricalabout5km. As the heightof the observationsis in-

creasedfrom 0 to 4.5km,thesingularvaluesof boththefirst andsecondRSVsdecrease.Theformer

decreasesfrom 2.99to 1.64andthelatterfrom 0.74to 0.57.

The SVD shows that we expectthe 4D-Var analysesto be closestto the truth whenthe obser-

vationsarenearestto the upperor lower boundaries,asthesegive the largestsingularvalues.The

normalmodesaredrivenfrom theboundariesandtheirbuoyancy fieldshavetheir largestamplitudes

at theboundaries.Henceobservingtheboundarybuoyancy couldbeexpectedto beoptimumandthe

differencebetweentheobservationsandthebackgroundstateis largestat theboundaries.Therefore,

moreaccurateinformationcanbeextractedin thepresenceof relatively noisyobservationswhenthe

observationsareclosestto therelevantboundary, herethelowerone.This is now confirmedwith the

actual4D-Varanalyses.

2). 4D-VAR ANALYSES

Whenthetruestateis givenby thegrowing mode,thevarianceratio is specifiedas
� � 
�;=3

. With

this value,the positionof the observationshasthe most impacton the filtering of the first pair of

18



RSVs. Whenthe heightof the observationsis increased,the first pair of RSVsarefiltered more.

TheKE values(Fig. 13a)show that theanalysisis indeedclosestto thebackgroundstatewhenthe

observationsarenearto thecentreof thedomainandcloseto thetruestatewhentheobservationsare

on thelowerboundary.

Whenthe true stateis givenby the decayingmode,thevarianceratio is specifiedas
� � 
x356�;

.

With this value,thepositionof the observationshasthe mostimpacton the filtering of the second

pair of RSVs.Whentheheightof theobservationsis increased,thesecondpair of RSVsarefiltered

moresothat thefirst pair dominatethesolution,leadingto growth insteadof decay. TheKE values

(Fig. 13b) show that the bestanalysisis indeedobtainedwhen the observationsare on the lower

boundary.

are en by



in whichthiscanoccur. First,astheaccuracy of theobservationsincreases,thevalueof
� �

decreases.

Second,asthetime betweentheinitial andfinal setsof observationsincreases,thesingularvalueof

the secondpair of RSVsincreases.Third, asthe line of buoyancy observationsis movedfrom the

centreof thedomainto eithertheupperor lower boundary, thesingularvaluesof boththefirst and

secondpairsof RSVsincreases.

4. Resultsconsideringmodal and non-modal growth

Theexperimentsin section3 arebasedon backgroundstateerrorsthataregivenby eithera grow-

ing or decayingnormalmode.Suchexperimentsareusefulfor understandingo



matricesaregivenin AppendixA. To simplify theexperiments,we considerthecasewhereall the

backgroundstatevaluesarezero, � � 
�3 . Thecostfunctionis thengivenby:

�
	 � �7��
 � ��
� �
�
�
�%�

3
3 � � � � ��� � �� C& � C' � � � C& � C' � � (8)

The true stateis given by either the most rapidly growing normal modeor a PV-dipole that

exhibitsnon-modalgrowth, theequationsfor whicharegivenin AppendixA. Thehorizontaldomain

is increasedto 8000km,with 80grid pointsin thehorizontal.Horizontallinesof perfectobservations

of thenon-dimensionalbuoyancy aregivenat thebeginningandtheendof a 6h window at a height

of 4.5km. Providing observationsin the middle of the spati2 4560.3 25tlinp
31.32-loq5Tj
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b. SVD



Thespatialstructuresof theanalysesareshown at thebeginningof thewindow. Wefirst consider

caseswherethe truestateis givenby thegrowing normalmode.The truestate,shown in Fig. 15a,

is given by buoyancy waves and zero interior QGPV. This givesan exponentialKE growth rate,

shown in Fig. 16a, that is constantthroughoutthe forecastperiod. The analysesusing the three

different varianceratio specificationsare shown in Fig. 15. For specification1, a large analysis

increment(amplitude
�56vu

) is addedto thebuoyancy fieldsandasmallanalysisincrement(amplitude
;Q3 �mp

) is addedto theinterior QGPV. This





casesusingthe2D Eadymodelwith a singlehorizontalline of buoyancy observationsat two times

during the assimilationperiod have beeninvestigated. The SVD provides a generalframework,

withouttheneedfor repeatingnumerous4D-Var identicaltwin experiments.However, to confirmthe

anticipatedresultsfrom theSVD, we have alsoexaminedmany 4D-Var analysesandcomparedthe

evolutionof theKE valuesandthecorrelationof thestreamfunctionfield throughouttheassimilation

window andfollowing forecasts.

Threemainconclusionsfrom thiswork canbedrawn. First,wehaveshown that4D-Varpreferen-

tially generatesananalysisincrementthatleadsto growth, but adecayinganalysisincrementcanbe

generatedprovidedthat theinformationabouttheevolution canbeextractedfrom theobservations.

Second,theability of 4D-Var to extract thevaluabletime-evolution informationcanbemaximized

by adjustingthe locationsof theobservationsin spaceandtime. Third, thespecificationof theap-

propriatebackgrounderrorcovariancesis crucial in beingableto generateanalysisincrementsthat

leadto theappropriategrowth rate.

6. Discussion

The fact that 4D-Var is efficient in correctingrapidly growing errorsis not a new result. Previous

studiesby Thépautet al. (1996);Pireset al. (1996)andRabieret al. (1996)demonstratedthata 4D-

Varalgorithmwith nobackgroundtermis ableto useobservationsgivenattheendof theassimilation

window to correctsucherrors.However, thispaperhasextendedthisconclusionto show that4D-Var

is moreefficient in correctingsucherrorswheninformationaboutthetime-evolutionof theobserved

systemcanbeinferred.Further, we haveshown thatin thecasewheretheactualerrorsaredecayingresult.actd(end)Tobsj
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APPENDIX A

Definitions of the true stateinitial conditions and background error

correlation matrices

Thenormalmodesaredefined(e.g.HoskinsandBretherton,1972)as:

V 	 X , Z ��
0¥8¦Y§>¨ 	 h Z ��¥8¦Y§ 	 h X �!�_©�§>ª¬«­¨ 	 h Z ��§>ª¬« 	 h X �-, Growing Mode (A.1a)

V 	 X , Z ��
0¥8¦Y§>¨ 	 h Z ��¥8¦Y§ 	 h X �� _©�§>ª¬«®¨ 	 h Z ��§>ª¬« 	 h X �-, DecayingMode (A.1b)

where
hb
¯;=6v�

,
©0
 \ 6�uY�

andthe interior QGPV is zero.



APPENDIX B

On the useof perfect observations

Theexperimentsin this paperuseperfectobservationsratherthanobservationswith errors,but

still includethe effect of filtering provided by the backgroundterm in the cost function. We now

describe,first theoreticallyandthenwith experiments,why theseresultsarerelevantto assimilation

with real data. The effectsof observationalnoiseandfiltering by 4D-Var aredescribedin further

detail in JHN.

Following from (4), whenimperfectobservations C&ÇÆ 
 C' ��w  _È areassimilated,the analysis

incrementscanbe written in termsof componentsfrom the true signal C' ��w andthe observational

noise
È
.

� ���ED�� 	 � � � � � ��
 I
O IfP wI L�I  I

O IQP ÆI L�I (B.1a)

where

P wI 
 K �I )*��� 	 C' � w � C' ��� � r J I (B.1b)

P ÆI 
 K �I )*����È r J I (B.1c)

Typically, the observationalnoisehasa large projection, P ÆI , onto the RSVswith small spatial

scalesandassociatedwith smallsingularvalues,whilst thetruesignal, P wI , hasa largeprojectiononto

the RSVswith large spatialscalesandassociatedwith large singularvalues. This is illustratedin

Fig.B.1.Theroleof thefilter factor,
O I , is to filter thecontributionfrom thenoisewhilst retainingthe

contribution from thetruesignal. Whentheappropriatevaluefor thevarianceratio is specified,the

contribution from thenoise, I O IfP ÆI L�I (thesecondterm in equationB.1a),shouldbecloseto zero

so that the equationsfor perfectand imperfectobservationsarealmostidentical. This meansthat

the analysiswith perfectobservationsshouldbe closeto the analysiswith imperfectobservations.

Thusthe relevanceof perfectobservationsrelieson the assumptionthat the observationalnoiseis

projectedonto theRSVswith small singularvaluesandthereforethat thenoiseis filtered from the
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solution.It is only with this sameassumptionthatvariationalassimilationmethodscanbeof use.

The analysiswith perfectobservationsdoesaccountfor the fact that the observationalnoiseis

filtered, becausethe appropriateamountof filtering is alsoappliedto the true signal. This is very

differentto a similar analysiswith perfectobservationsbut with no backgroundtermandhenceno

filtering.

Theremaybesomesmalldifferencesbetweentheanalysesfor perfectandimperfectobservations

as it is possiblefor the observational noiseto project onto the RSVs with large singularvalues.

Thesesmall differenceswill dependon the actualobservational errorsand are likely to become

importantfor a seriesof assimilationwindows in which th